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ABsTFucr

Using convcnttona.1 diffusion Iirrut @y51s. WC asympmtkallv compmrc thru competitive ti.mc-
dcpcrdent cquzmons (the tclcgtapher’s quauom the tirncdcpcrdcm Simplified PI (SPI) equauon, ad the
tirnxkpenclent SimpLiticd Even-panty (SEP) equation). The tirnc+cpcndenl SP2 equation contains
higkr onkr qmptotic appronmations of the tirne+cruknt traqofi equation b the oUwr equations
in a physical rcp@m in which the tirnedepcndcnt dil!fusion equation ii the leading order approxirtmon.
In additiom we duivc Ute mtdt.igrmtp mcnhfied ti mcdqwdcnt SPI equation from the mtdtigroup Lirttc-

~ ~~~ qtion @ ~ d- an asymptotic CxpmsiOn in which Lhc mdtigroup rim-
dqmdcnt dffkon CtptiOII is Lk kadr.tg order approxirr@ion- N~ comparisons Of the thm-

~1 mm ~ tek~~~s~ ~ ~+*t SPA ~ ~ sOl~O~ in 2-D x-y gwm-
show thaL in rnit q the SPI solutions contain most of the tr-arqmrt corrections for the chffirsion
approx.mdion.

1, lN?TtODKTION

A ~~ ~ 1= COtll@te -l of t.k -It of _+har@d SllkltOmiC lXUtiCkS, aS WI! -

charged paruchd im some irnwnant physics regin=, is given by Bo!zrnann EquaLiom’ l-lx Discrete
Ordinati (S4 mctkl has ban comntio@ w-l to salve this @on rmmcricdly. The k rnct.kd
p~~ ~ ~ but for many a@icaIions, al@ally time-ckfwndcn~ mdtidirrmsiona.1 x

suchasrcactuf arcdism@vc problems, requires too much computational time, To cwcrcomc tbc high-
cost of* cmrrvcnriod % cquationa _ compdivc simphtial equations, such as k telegrapher%

equation’ and h tim+xndcnt Simplikl PI (SP~)equation” which candd be solved with almost @
same computational effort as the timc+kpcndcnt dflision cquauom can & used 10 obtain relatively
incxpcnsivc, but approxima~ wltions to the Inmsport solutions which am more accurate than the
diffusion solutions.

An aspnptdic anal~i~ can Ix performed to show LhaL for an int~~nt clasa of problems, Lhc

diffusion equation is an wyrn~tic Li.milof Lhc transporl equation.’ A recent paper by dtc auLhors’
ptuvicks a brcm&ncd ticw of the resdl di- abuvc. 11shows that the tirnc-ckpndcnl SPI equation
has hig.kmkr asymptotic approximations of the Limcdqxncknt !rarqmrt equation in a physical regime
in which t-heConvcntiod tirrwkpcnclent -ion cquauon is the Icad.ing+rdcr approximation. In this
paper, we compare the Ielcgrapkr’s equation o.nclt-heLirnedcpcndcnt SP, equation using the conventional

-tic approaches. N a resdL w find thal the rirnedqxndcnt S!% equation k the same



asympotlc approxunatlo ns as k wme~dent transport equat.ron up to k tlurd order m a ptrpcal
regme m wluch k turu4qxndent ddfu.sron qualm IS the Iedmg ordef approxmumon whereas the
telegrapher’s equauon has k - ammptouc appro.x.rrnaurmsordv up [o the second order ThlS lmplles

m advantage of k former crier the latter

We formulate the telegrapkfs equation and the t.imc-depc: knl SPI equation for one-group. 2-D X-Y
geomuy problems and compare nurnencal wr~+mdent diffusi3r4 SPU Q A telegrapkr’s soluticwu

in vanou.s classes of problems AS wt have shown prcwously for slab geornct.ry problems.’ the results
show thal, in rrmst ~. h time+pcndem SP2 solwiorrs am sigmfkantly more axuratc tllantlx
difhicm sohuions and can be tinen wiIh a very small fiacuon of * eomptatioti effort of art &
calculation. ,4ml even In k opuea.ily+hin regmes, m which bcw. the t.imc+kpcrdcnt &fu.sion and tk
telegraphed’s equamn arc no longer good approx.imauons to die trmc*n&tt lran.qmn equatior4 the

rime+kmrknt SF+ solutions am qurle clew 10the .%soluuons

In addit.iom as we have prewously shown m a one-group problem. 5 wc also derive here the
multigroup modi~ed tirne+xndent SP, equauon from the muh.igroup tirrwdepdent transport equation

@mCans of an asymptcmc eqwmon’ in which the mukrgroup umedcpendenl diffusion equation is the
leading order apprmomauon.

Accord.:mg tc the recent paper by Noh C( al..’ in 2-D X-Y geometry, there is anoi.bcr mmptitk
equauon died the Sirnphtied Even-Ptity (SEP) equauon which is much more campwationalty effieient
dun tie even-parity equauon. We derive here the Ume+md.em SEP cquauon In 2-D X-Y geometry
ad analyze his equation asyrn@oucaJly. TIK results show til Lk time+mdent SEP equation also
has the same asymptotic approxmauons as the time+kpenckru transport eqm.ion only up to k secaml
order.

AD outline of the rerm.indcr of this paper is as foilows. lnScc. 11, wecarry outanasymptoLic
aJ@3is of the Ielegraphefs equalion and the tirncdcpcruknt SPZequation in genetal gemmy. In sec.
III, we present numerical compu-kms of the time~ diffusio4 SPq & d tbe telegraphefh
solutions In Sec. IV, we asymptcwicalty derive the multigroup modified tirnc+ndent SP, equalion
front Lhcmukigroup tirne-dcrxndem uan5port equation. In *. V. we Q- out an asymptotic analysis
O(tie tirnedepetint SEP equation ]n 2-D X-Y geometry. In .%. VI, we ecmelwde with a summary ad
recommend for future work

11, ASYMPTOTIC ANALYSIS OF THE TELEGRAPHERS EQUATION AND THE TIME-
DEPENDENr SI+ EQTJATION W GENEML GEOhUHRY

In this sectiou we shall consider the one-group Lime4qcmknl lransport problem in rnultidimensio@
multiplying rncdium wilh cielayed rteut.rons and ku’epic -ttcring. Mdtigroup problems require a more
complicated usyrnptolic analyis that we wi~ discuss in sax.km IV.

l% one-group, mukidimcnsiona.1 t.irnc+kpcndmt tmnsport equation wilh delayed ncut.rons is

and

where the notations are standard (see Ref. I),

If W eonsidcr the asyrnptc+ic sealing;’



Wwgdefind aocmhastmiknown to beomem~hich tbediflkioneqwm u~wwwu ‘c hit

oflhemansprl aqua~kmasc+ O.

We expand.

V= V,+eY, +c'V, +-"' -O=@, +E@,+':$,+----. ~C=C. +EC, +E' C,+-""

Apfdying these [0 the ume-dcpcthkm uansporr equauon ad eqting he cdlkrents of Mercnc

powers of E. we obtain k following equwons:

O(E”’)

o(1)

o(E)

and

O(E’)

and

O(E’)

and

‘+, =4,, 7

‘+, =4, -LYv@o ,
0,

1 &$n
-—- f3V’I$o+uoI$o =(l–~)va,i$,+~co +Q ,
1, dl

ac
~=pva,$o-Ko ,

I
where D=—

3a, ‘

U!bv’$, +Cial+$ =(1-13 )VU,I+,+~q 7

v at

~=@a,Q,–~C, ,
at

lal
(——. —V’)DV’+O+::– DV’$l +Ua+ =(l-p)va,q)l +Acl ,

vu, d 15a:

df

A, The Tciegrapber’s Equauon

The one-group, mull lhrncrrdotwd klegrapkr’s cquauon wmh delayed neulrons IS

+ ~,+~)i+$ 1 3Q1 a’+ I—— - —- ——-DV’($+C,$ =(l-P)VU,I$+AC+Q ,
a,v’ Jt’ P a, at a,v at

and :=pvuJ&Ac

Applying M wrre ding and expansion to these qual.ions, we obtain tie following equw.ioM:



O(E)

awl

O(E’ )

and

ad

la+
--– DV’@, +U4*, =(1–p)vo,$, +Ac, ,
v at

:=13W,0,-AC, ,

la
O(E)) ——(w$o)+: ~-m’+, +cJ#*, =(1–p)vu,’, +Ac,

UY, at

Comparing Lt=sc asympmc approxlmamns w-lt.h* of IIE tmwkpenfknt -1-1 Cqw’lw ~
find that LIE telegqiwfs cquat.mn has the sanK a.symptouc approxnauons as the mne4rpmknt
transport cquauon up to the scmcd order m a ph}wcal regmc m wluch the t.mc+kpcndcnt chfhmn
equauon MLhcIcdr.tg urckr appromnawxl-

The one-group, mulMimn@od lilmdcpdent SP1equationsWllbdclmyalWlurons arc

I av-J+:vv, +;vv, i CJ,v, =0.
v at

ad

Applying t.hc w scaling and cxpnskn to * cquatioq we obtain the following equations;

o(E)
1*..J- DV’.$I, +06.$0=(1- B)VU,$, +Aco +(? ,
v at

O(E’) 13–DV’*, +ud$, =(1–p)w,+, +Ac,
v at



EL=pvuJ+,-Ac, .
tif

lt34
O(E’)

I *.
( ——– —V’)DV’+O+-—– W*, +U,+, =(1–p)w,,$, +-AC,

ia, 13f 1.%: ~r al

ad ~ = pm,+, - AC:

llms tk mm+xdent SP1 cquauon has h same a.syrnptcWc apprcmrnattons as h Wnc-
kpemknt tranqm equauon up io the tturd order LUa phymca.1rcgme m wtuch the urne-dqcmku
MFusmn qualm IS the Icdmg order apprcmmauon ConclusIvctv we find tit t-he t.true-dqxmknt SPI

eqwon contmns hrgkrarkr asympmuc corrccuom to the unwkpemknt -on cquauon than the
telegrapher’s cquaaon Thus. orK rrught expect k Iughcr accuram tlom b urncdcpertdent SP2

wok qxclaU’ LJld.dTuW’e rcglmcs

m, ,VU?4EIUCAL CALCULATIONS AND RESULTS

FirQ ch.fferctnn g the r.uncvarrable m t.k mdepemknt SPZequauons using a fully-lmpLimt xkme

and formulau.ng an eqt,muon wmh the scalar flux, VO(= 0), only, we tin.

–v LYv{i$l-’ + +Gd’&’ -Q)) +04’L$-’=S’”,
5U, ‘

(1)

1 1
where J,’= (J, +—, aa’=cra +—, D~= +

V& V/if kJ, ‘

and S“=Q+ ~+m-VD’V JJ&-;v:)-b”(- V; v:)
WM a, ‘(

~tim(l) ktitifomti amnwtiod~e SpaliaUydifferenc@ rhiscz@icm

in 2-D X-Y gcomtry, we obtiu the matrix equation A.+”’=+” at ewh time step, n. where A is a fivc-

diagsmal syrmmfic rnamx. Since these equations arc very similar to those c&’ncd from ditierewiag

the tim+kp~a Mfbon quUiotL solkons arc ohi.ned with al.nm the saw ccwnpwtiona.1 effott

ad with a very srd! fktion oi & lime nccxkd for the tirnc+mdenl % solutions

We have maqmral tk Uue&pcrnht ddf’usuoq the tc.legrapkr’q Lhc mne-tkpndcnt SP% ad *

Solunons m mrlmu classcs c4f2-DX-Y gcmctryprobkKM wmha.nrlwmlmtudelayal~mand tJM
nu.mena.l rcsuh.s show LhaL m mom q the urne+enrknt SP2 sohmorts are slgr.ukant.ly mxe
accurate tttant.k Cunvcnhonal Wxkpdcm dLm1510n&d W telegrapkr’s Wluttms ad can lx
obtained wtti a very small fmct.ton of the computmixd effort of an & calcuhon (see Table 1) And
even m k optxdty+kun regmxq m wtuch both t-k ~nt ddTu8ton and tbc klcgraplds
Cquahoil are m longer @xl qqmmnaltom to & ume+xmM wa.nspofl cqualrom the tme-dqmtknt
SP1 sohltlons art qtrlte Clcme10 the S4Coluuons

The cm@uration efa snmple problem is shown iu Fig. 1. In Fig. 1, 0 is the total cross section with

a unit of [l/cm], c Is the sawing ratio defined as oi’a, ml Q is the intet-tud source wilh a unit of

[l/cm ‘ kc]. Tk left and bottom tmundatics of tbe system arc rcfkdivc and the right w;d lop



boudmesarevaalum We start wmh mu Imual fluxes acrywherc and canparc tbc Urnc+kpmknt

Ianmons of k scalar tkxcs wluch are calculated try Ik urnc+kpmdcru chffwaom SPZ. $. ad lk
lelcgraplw’s cquauons at pmm 1 and 2

Vat.

Iocm

rcf

5 cm

O cm

0=01

c = 0.9 La
Q = 0.0 ~

c = 0.9 I I
Q= 1.0 I I

I&- 1

.* ref.
L pt. 1

5cm 10cm

Fig, i wnple Problem

The rcwlts arc shmvn in F]g. 2 and Fig. 3, Al each Pti the SPI solutions arc much closer to t.lx ~
xhlions than the diffusion and the telegrapbcr’s solukms. Moreover. as .sbown in Fig 3, SPI solutions
arc quite C1OUto the !%solutions even in the opuc@!y41urI regimes in whi~h both the diffusion and tk

mlcgrapkfs tquauon arc no fongcr god approxumlmns

~ Ddfusm

- - Tekpap

hat’s

~ SP1

~ S8

o 0C6 51 015 02

k(m’not)

I
I

Iv
o~.~

o Oal 0.1 0.15 02

tlmo(mnoc)

Fig, 2 Scalar flux Variational Pt 1 Fig. 3 Scalar k%. Variation at pt. 2
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ta?!25s~ DMsion I TC=S [ . SP2 I S8

0.235 0.264 0.2!?1 6.138

rv,

Table 1 Elapsed CPLITimefff EachEcuaaon

ASYMTOTIC DERIVATION OF W MULmGWUP MOD- M-DEPEN’DW W
EQUATION

AswehaveshowninfectionILddayed neuuonadonotalter thcrcsuhsofthe Wm@@-

andtius forsimplkily, we shall notconsi&rMq#d neutronsin this section(u, cau be includedin u,).

Forthesamc mastmwmonlypresenthcmthe@mptOtk adysis forplanar g-metry, hmwwer, w be
performed the multidimensional analysis and obtaimd the same results.

Themultigroup,planargcomeuytunedcpendentUansportequationwith isotropicscatteringis’

y(x.~,f) = angular flux (a G vector)

Q(x,t) = source (a G vector)

a, = totalcrosssection(a GxGdiagonalmatrix)

a, = scat&ringcrosssection(a GxGmatrix)
G = nmnberof energygroups.

IntegratingEq. (2) overthewt,oleangle, q:, Eq.(2)4, andintroducing
2

O(XJ) = j!,yf(x,p,f)dp = sdarfkx (a Gvector),

we obtain

(2)

(3)

And fkomEq. (2) and Eq. (3), we also obtsiu

a~ lla
L1.ww’.w}. (4)::v(x,v,r)+p=+u, v=-{ -—wx,t)+u,$+: ‘

2 vat

Introducing iEto Eq. (3) and Eq. (4) the ~ptotic scaling

Weobtain



(5)

Nuiwmuu&x uno Eq. (6)tk~

wf=wfp+w, +e’v, +””””.

almieqwlutkmd?kiem of chffcrcm - of C we tin lk folknvmg cquawns.

O(E-’ )

o(1)

We)

O(E1)

O(E’)

laQ
u, = (-p)(——)– .

o.ax2

‘+2= (Ii’ -4(12)’? ,
3 O,ax 2

1 a(p a)$+(p ]a,~
y, =—-- ;-I L’)(—-) – ,

w,afu, ax2 lY, ax 2

la, +!#, =-Li (v’ -4(-—)‘-’ (n’
la, $

-1-4(-—) – ,
m, al 3 O,ax 2 3 45 CJrax 2

amisoon Intraklng lkcmcmalls ulm Eq(7-), wcolnalnanasympum ~n for v m term of *.

APP&—W~~ l.n*oE-q (5), wWobtaln Lkquah’tm for+&sfoUows,

Ifwcdckk thct:rms of O(E’)aMlhigkin Eq. (8)andrcap@y Lkscaling revwse.ty,weoW@

ala
——$+(u, -~, )$= Q(x,I).~:~x,f)-~. - (9)

v d ch30, dx

These arc be emvmhonal mu.lugnmp ~nt diffusion equations.

K w delu.c Lk terms of O(c’) WI hig.kr m E-q. (%) ad introduce
Cquatlom we obtallL

Eq. (9) mto the resullar.u



la ala
( a JQ){——. — U,+(U, -u, )Q-Q)+ ::wx. f). ——— ● +(cl, -O, )Q=Q(X, [).(1O)

~ti,at ik15tY, ax0, ViM I& 3CJ, ax

V ASYMPTOTIC ANALYSIS OF THE TIME-DEPENDENT SEP EQUATION h’ 2-D X-Y
GEo’hlEIRY

lnLhcrcKmmpmpbyh’had.’ Lkaullmrs mtrodxd h Sunphtkd Even-ParMv (SEP) cquabm

Wluchadd bdltalmdfmnllk m’cnprlty cqWonuanglkaKurupm Xw.m= z(lJ.-ll). ~ 2-D

x-Y@Ouuuy &lscvcn-palltyfw w!llltkfrsuh.ng~ofti~ Lem$ddu

~w~w~~ti m mmp@mdh dbenllhanl.kon@rd men-pa.imy
Cqlmwl Alllbcwuli lnlMpqmkdswl lhwdy5w&e

hllhlspap,wcknvclkl—4Endm sEPapt.Kbn boLn LkbllE4puMknI hnqKM-lcquahon

luu.lglks ancammlpmn Thlsdcm’auon ssara@fawrdd wcw IUnc4sboW nkmforbrcwcy

Tkunr4JaKknt SEPeqUW3n m2-DX-YSCmIUIYM

1 ajf+2 ~ ~’ a’z fa’x+oz_( 1 a+l)(o@+Q)
—— .—— — ——— — - ——
CJ,v’ at’ vat o, ax’ 0,+’ ‘ ku, at ‘

(11)

O(E’ )

O(EJ)

Comparing * a5ym@ok apprcmmhcms Wlt.lltho!seo.tk ~1 I.raqmfi cqtion m
.%-11., wcflDdlhal lkh.lm-dqmkm Swcquauo nalsohas tksalw-otlc approxlmahon.s asl.k
LImc+kpcnd@ trmqxwl cqual.Ianontv uptotksomnd ordcrmaphymcal regnncm wtuch Lhetnnc-
dqxm3cntddTiuaon cquauon KlkkxlmgtiqpmxmWm

h ddilioq we derive here tk mti;fied t.im4cpcndcIIi SEP equatim wtich ~d lx titi ~

rtcglccung the time duivauvc term of tk o&-parity fk apl at, in w tinwkpendcnt IIMKPOtt

equation The tnodi’ed I.unc+kpetint SW cquuion in 2-D X-Y gaxneuy is



.

(12;

O(E’)

O(E’)

~*-DV’+, +aa?, =0 .
v af

4
-— V’)DV’*,+ 4 (3”+, 1*

( ——+— ti-DVa$l +afl$l =o
15U: Iq’ ar’ay’ v al

Thlt&LhemHkpmdm mdlJiedsEPcqu8im dsobslllcsa mcasympmcappxmwmas Lk

~~~wlok=-*
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