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TAELES @ ATC141CWAVE FUNCTIONS

w

V. F. Srattsev

ABSTRACT

Atanic wave functions have been calculated ati
tabulated for the elements helium through argon,
singly ad doubly ionized, by the Hartree-Fock-
Slater self-consistent-fieldapprotiatlon. The
devel~ent arrlapplicationsof that a~roxima-
tion are described.

INIRCUJUCTTON

Quentum mechanics serves as the basis for fun-

demental.mcderntheories of physical.ard chemical

propertzl.eaof atoms, molecules, ati condensed sys-

tems. The task of theoretical calculationsof these

properties ccmes, in the final analysis, to the so-

lution of Schr&iinger’sequation. For the majority

of specific problems of atcmic phystcs, knowledge

of the grouni-stateener~ of a system ani the cor-

respomiingwave functions of stationarystates is

necessary. !Ihesedata have alreedy made it rela-

tively easy to calculate the entire canbinationof

the optical, electrical,magnetic, ati chemical

characteristicsof these systems.

Unfortunately,the mathematical.difficulties

of the solution of Schr%ingerSs equation are such

that Its exact solution in a final form is practi-

cally unattainable. Therefore, in specific calcula-

tions we are forced to limit ourselvesto approxi-

mate solutionswith a greater or lesser degree of

accuracy. By these means, one can determine the

greater value of different types of a~roxlmation

methods for quantum mechanics.

In approximationmethods, specificphysical

concepts ordinarilyare used to permit one to intro-

duce greater or lesser simplificationinto the gen-

eral equations of the theory. 3?ecauseof this, the

uae of the approximationsfn ccmparisontith the

general theory is limited to the smeller sphere of

objectivesor phencmena in which the corresponding

s~lification is permissible.

Obtiously,the simplest clasa of structured ob-

jects of the microcosm accessibletotheoreticel

calculationis that formed by free almns (we do not

take into account atcrnicnuclei arxlelementarypar-

ticles, the theory of which enters into the freme-

work of quantum mechanics). ‘Iherefcme,in the first

year of development,the applicationani, later, the

verificationof quantum mechanics were tested on the

simplest atoms.

The atomic-wave-functioncalculationsrepresent

the central.problem of the theory of atoms and its

numerous applications. Atoms, to a considerablede-

~ee, retain their id.ividuelityin the complex for-

mations of molecules aml crystals. Therefore, a-

tomic wave functions are alao used in the theory of

these complex objects. Hence we utierstand the sci-

entific interest and also the significanceof methcds

for deriving atomic wave functions.

The stationaryequation for atomic hydrogen ami

its solutionwere given in 1.926 in the initial pages

of Schr”~nger*s first report= concerning quantum

mechanics. In the same year, Eeisenberg2 formulated

the approximatetheory for the helium atom, showing

how to treat the cases of ortho- afi para-electron

states. Later, there appeared a series of articles

devoted to the calculationof helium-like atoms, eml-

ing with the ccnnputationof HylJ.ereas,3which was

record breaking for that tine. There was interest

in similar calculations,particularlythe questfons
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in connectionwith the broad program of experimental

research begun by Herzberger,for the determination

of the magnitude of radiation displacementof the

basic energy levels of the two-electronatom and “

ions. If it is taken into account that radiation

correctionsare very small.(for example, for the

lls state of helium it is 2 x M
-6

of the energy of

that state), it beccmes clear that the appropriate

calculationbecomes exceedinglyccuupl.icatedami la-

borious?>5

In 1927, Feuling6made a theoreticalestima-

tion of the radii aml polarizabilitiesof many-

electron atcsnaand tons, attributingto each elec-

tron a hydrogen-likewave functionwith a properly

selected screeningconstant. !lherethen followed

the calculationof analyticalhydrogen-likefunc-

tions with varying exponentialiniices.7>8 ~tie

b+mis of such calculations,Slaterg constructedem-

pirical rules fcrrthe selectionof paremetera for

nodeless,radial.,one-electronfunctions of any atom

and molecule. ‘IheseSleter furxrtionewere exten-

sively used in beaic calculationsfor atoms ad

molecules. Interest In analyticalhydrogen-like

functionshas continued.10>IL

me general.quantum mechanics method of calcu-

lation of one-electronatanic functions aml atmic

fields was introducedin 1927 by Hartree. 12 sar-

tree’s methcd is based on the fact that every elec-

tron In an atom is representedby its own wave func-

tion ~n(q), axxlthe contributionVn(q) to the effec-

tive electrostaticfield of the atan is defined by

the integral:

/“ltn(N12 ~q,
Vn(d= e

Iq-q’l “
!lhenthe Sch.z%dingerequation for the wave function

of the atcm is replaced by a system of nonlinear

integro-differentialequations for one-electron

functions, in each of which the operator of the in-

teraction of a given electron, along with all.the

rest, is given by sums of the integrals of the ixsM-

cated type. ‘Iheone-electronwave f’unctioneobtain-

ed as the result of a solution of a system of equa-

tions determines the character of the field in which

the electrons are located, i.e., the coefficient of

the equations. ‘Ihischaracteristicof Eartreets

equation is reflected in the name “equationsof a

self-consistentfield.” Fran the hypothesis of a

spherical aynmatryofthe atunic field after inte-

gration over angular variables, the Hartree eqpa-

tione represent a system of ordinary integro-differ-

entiel equations for radial.f’unctions.

In connectionwith the determinationof one-

electron wave functions,there is also the problem

of constructinggeneral wave functions of a system

made up of o~-electron functions. In general.,this

~estlon la connectedwith the Mill principle arxl

with the symnetry properties of wave-function coor-

13 demons~ated that ki2?r@Sdinates. In 1930, Fock

equations could be obtained by modifying the varia-

tional.derivative of the Scb.%dlngarequation for

the many-election system, if one represents the wave

functions of that system in terms of tha product of

one-electronfunctions and varies the latter. The

product of one-electronfunctions, generally apeek-

ing, does not satisfy requirements of PauM’s proper

symmetryprinciple. Utilizing in the variation prin-

ciple the wave-function system constructedfran the

one-electronfunctions ad taking into accmnt RuiM.ts

principle, Fock obtained a system of equations dif-

ferent frcsnEartree!s eqpationeby the presence of

supplementaryso-celled exchange members in the op-

erator of the Coulanb interaction of electrons.

These exchange members also determi~ the separation

tnto terms distinguishedby the values of the total

spin S ani anguJ.armanentum L of the electrons.

The equations of the self-consistentfield with

the Fock exchange giva the beat description of meny-

electron aysteme within the framework of a o~-elec-

tron appoximetion as they are derived by variational

means with this single simplifyingassumption. There-

fore, beginning in 1930, a significantnumber of a-

tanic calculationsware carried out by Ea.rtree,
14,15

his students, ad others, using Fockts integral.equa-

tions. !lheconstructionof high-speed calculating

machines exerted an influence on the genarel.dj..rec-

tlon of the calculationof atcsnicstructures. After

15 years, almost all.erdeavors in this field are de-

voted to the calculationof analyticalwave-function
16

parameters. As L&din demonstrated,radial wave

functions can be accurately approximatedby a linear

canbinatlon of Slater?s functionswithout ncde with

pr~ly selected itices of’exponents arilcoeffi-

cients. ‘lherefore, this form of analytic wave func-
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tions was selected by most authors. 17-23 ~uc~ ~

change in the general direction is apparentlycon-

nected with the fact that until recently, computers

possessed a highly restricted memory. The analytic

form of the functionspermitsone to use relatively

few data, which is its advantage. As with numerical.

integration,one has to deal with rather cumbersane

tables. However, with increased numbers of shells

in the atom, the number of parameters quickly in-

creases ad the amount of work necessary for obtain-

ing them also increases, quickly exhaustingthe ca-

pacity of the most powerful computers.

In connectionwith what has been said in the

literature,we again observe the teniency toward

the numerical Integrationof the Hertree arxl Eartrae-

Fock equations.
24

‘his is contributedto by the

grmrth in capacity of the memory storage of contem-

porary ccasputersani also to the development of mom

perfect methods of numerical integrationof ti’ffer-

entiel equations,for example, the method of “di.s-

25 Scxneofpersion” by eliminationof fluctuation.

the first work devoted to numericalintegration of

the equation of the self-consistentfield done on

electronic canputers is related in articles cited as

Refs. 26-s. Work for the following yaars is noted

in Refs. 31 ad 32 and the article cited as Ref. 24.

The Hartree-Fockequations for the structure of

heavy atoms contain very Uxn.rieldyexchange terms.

Their solutionclematisconsiderablecamputer working

time, where about 80$ of the time is expew.iedon the

calculationof exchange interaction. This cslcul.a-

tfon in heavy aixnnsplays a comparativelymi.norrole

canparedwith the uncslculatedrelativistic,sPin-

orbit-interactionterms. In this case, the value of

an energy level is determinedto a greater degree by

the relativisticterms in the enerrqfoparatm rather

than by the Coulcsnbexchange interaction. ‘Iberefore,

in the fremewark of a nonrelativisticapproximeti~

it would be possible to limit oneself to the solu-

tion of the self-consistentfield equationswithout

exchange at’try to take into account the exchange by

a simplifiedmethcd.

&ch an approxhsstevariant of the exchange

factorswas proposedby Sleter.33 Making use of

Slater’s simple approximations,Herman and Skll.l.-
~n34 prcduced voluminouswave-functioncalculations

of the basic states of all the elements fran 2=2 to

Z=103. The results of these calculationsare pub-

lished in a separate volume, whl.ch,apparently,Is

the sole extensive publication of attic wave func-

tions,

Hcwever, with the progression to heavy atoms on

the basis of the calculations,we must now @opt the

one-electronequation of the JMrac type with tbe self-

consistentpotential. Aswe know, only the ftist

steps have been ventured in this direction.

As far as medium ati light atcxnsare concerned,

the solution of Hartree-Focklsequation is fu31y

justified. Eirt,at the present time, there do not

exist voluminouspublications on the wave functions

of these atanic calculationsin the Hartree-Fock

appro-tion. These tables, to a certain degree,

fill?.that gap.

‘lhetables contain the normalizedradial wave

functions, P(nllr), of stationary states of atcmm

and ions and ue related to the three-dimensional.

one-electronwave functions, $(nlmlr),by the equa-

tion

$(nlmlr) =: p(nl[r)y(lml0, CP).

The functions P(nllr) are obtainedbya numeri-

cal solution of the Elartree-Fockequations.

‘Ihisarticle contains the results of calcula-

tions for all terms of the principal elemental con-

figurations of singly- and doubly-ionizedatoms frmn

helium to argon, inclusive.

The form of the tables is traditional. The

functions P(nf[r) are cited separatelyfor each stxte

of the atas or ion. For the sake of simplicityin

the use of the tables, we did not include the col-

umns containingthe functions coincidhg in limits

of accuracy but pertaining to a different state. At

the erd of each column are given the values of the

Iagrange diagonal multipliers k(nl) and the mean val-

ues of the powers of the variable r,
.-

. r“ >. /_rW(nf]r)dr,
Jo

for a = -2> -1, 1, aril2. KU numbers are citea with

an accuracy up to the last significantfigure.

The method of Hertree-Fock is set forth at

length i.nRef. 15. We StopPea at its last stage;

that is, at the numerical determinationof the equa-

tions of the self-consistentfield.

7



For the atcnnwith the nuclear charge Z In a

state belonging to tie configuration(~21)q1...

(nsf~)~ ardtoany singl.eterm, the equatiom have

the form:

{

~2

;2

9-

where

(1)

o r

The coefficients7@,k are determinedby the

configurationaml the term. !thefunction P(n&J r)

are briefly destgnstedby P=.

Equation (1) represents the coalitionthat the

expected value of the total ener~ be stationary

with respect to variations of the functions P= axxi

be subject to the supplementarycorxlitions:

Pa(o) = Pa(-) -0, (2)
m

I I&=l,
o

(3)

m

~

p~~, dr .0, then 1= = ~a~> n= + nav. (4)

o

The parameters, Am, appear in the calculation

of these co!xl.itionsas Lagrange multipliers,where-

upon the diagonal multipliers, lm, correspcxxlto

normalizationcotitions in Eq. (3), and the nordiag-

onel multipliers, X@,, u # ut, c~espofi to orthog-

o@ coalitions in Eq. (4.). To simplify the task,

we delete the last term frcm the c~tiation h as-

sume ?.=a,=owilha#ut. A&3we kncm, it iS pOSSi-

ble, in a number of cases, to do this without w

disadvantage,as when, for example, all the shells

are closed in a configuration. In general, there is

a basis for hoping that nomiiegonalmultipliers can

be made so small that they can be disregardedwith-

out exerting a sQn.ificanteffect on the solution of

the system in Eq. (1). Calculationshave shcwn that

8

this hope is very often (but unfortunate.y, not al.-

V) jwtified$ ati ca-thogonality corxlitions are

fulfilled to a sufficientdegree of accuracy in a

nstuml way. Ihrther, with reference to the system

in Eq. (1) we shall always assume the absence of the

ncnxliegonalLagrangianmultipMers.

‘Ihusj the problem consists of searching for a

solution to the system in Eq. (1), satisfyingcon-

ditions in Eqs. (2) ah (3), ad of belonging to a

given configuration. The latter means the follow-

ing: m3ither the equations nor the eupplementuy

cofiitionedepeti upon the principal.quantum rnnnber,

n=, entering into the configuration. It iS natural.

that the system in Eq. (1) may have many solutions

satisfyingthe conditionsin Zqs. (2) arxl(3).

There is the further necessity of one additional.

conditionpermitting each solution to lead to a spe-

c%fic configuration. To formulate it, we note that

each egyation of the system in Eq. (1), by obvious

substitutionof functions PC into Y= axl into the

right-hard side, could be made l.irearaml similar

with respect to tie fumtfon correspondingto it:

{

‘2
2(Z - Ya) Ea(lu + 1)

;2+ r -
/r2 - ‘U= ‘au

m

. JKa(r, rt)Pa(r’)dr’.

o

Let us agree that:

(5)

in order to canpute the solutlon of the
system in Eq. (1), suitable edxlltional.

[
coxxiitionein Eqs. 2) ani (3) belong to
the configurations nlfl)ql...(nsIs)qs,
if each function Pa of this solution is
th8(l@-fa - l)th eigenfunctionof the
c-e omiing linear operator in Eqs. (5)

7and (2 . (6)

The problem is solved by the method of succes-

sively making the functionsmore precise. Let there

be a certain approximation ~=] with a desired solu-

tion {Pa]. Let us assume that the function made

more precise has the i!xbsxzxnnberu,. ‘Theused ap-

prodmate function ?0 me&3 the e~;ion ldnear with

the irdex U1. For the mw, mcn?eprecise approxima-

tion we shall.normalize to unity the (~1- ful- l)th

eigexfuxntionof the problem. Hating =xt selected

another number, u2j we shall def ins Pa2, etc. The

approximate zero must be prepared beforehand axil may

be established by different methods as, for instance,

.

I
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by means of analyticalfunctions or the interpolative

methcd of I&tree. It is simpler to assume that all

Pa =0. If it is agreed to begin with the functions

of the inner shells ani move in the direction of the

outer shells, then the approximationwill not be bad.

lhe(n-fa- l)th eigenfunctionad the cor-
0

respcmiing eigenvslue of the ~oblem in Eqs. (5) ati

(2) in its turn isusuelly found by the method of

successiveapproximation:the (m+l) approximationis

PC‘m+l), ad la(m+l) is founltbrough approximation

from the equation (the inlex c decreases):

{

~22z ( -Y(”J

1

) -U ‘(m+l)
;2+ r

r

J
~(m+l)p(m+l)+ ~‘m)(r,r’)P(m+l)(r,)ti, ,. (7)

provided that
p(m+l) (o) s p(m+l)(-) = o

ati for any cordition of normalization.
p(m)

Functions

are normalizedprovided that all normalizations

of m are done in the same manner. If it is necessexy

in achieving the solution, it is possible to renorms-

lize by virtue of the uniformity of the problem in

Eqs. (5) ati (2). In practice, it is convenient

rEq. (3)] to normalize functions to UIIi.tyatscme

point rl:

Thus, at each

firxisuch a k ami,

P of the equation:

if

ad

P(rl) =1.

successiveapproximationone must

comespoding to it, its solution

2
q+m. AP+Q, (8)
al?’

P(o) = P(=’)=0 (9)

P(rl) = 1. (lo)

Let Po(r,k) be the solution of Eq. (8) satisfy-

ing the supplementarycofitions

PO(O,X) sO, Po(rl,l) = 1 ,

At the point r2, where r2 > rl, the function P.

acquires a certain value Po(r2,X). We shell now de-

termine the function P@(r,X) ae a solution ofEq. (8)

with the con3.itions

pm(r2,~) =po(r2,A), pm(=,l) =0.

With h >0 afi fixed values rl and r2, the ex-

pression

IJ(k) =~{po(r2+h) -pm(r2+ h)]

represents a certain function 1. It is obvious that

those 1’s, for which the solution of Eq. (8) with

zero coalitions at the bouzxlariesof Eq. (9), satis-

f@ngthe colfitione of normalizationinEq. (lo),

will lx!the roots of the equation

U)(A)= 00 (n)

The sought i is distinguishedfran the other

roots by the fact that the solution of Eq. (8)

(n-l - 1) is once converted into zero in the in-

terval (r1,r2). With the correspomiingchoice of

‘1
arrir2 (atwhichve later stop), this ia equl.va-

lent to the cotitionin~. (6).

If the unknm?n root is separated from the rest

by the values At and 1“, it is easily found to an

assigned degree of accuracy ~ the chord methcxl.

The boundaries k’ and k“ are fouxfl by successive

trials. In the progression from one trial value to

the next, one can be guided by the fact that the

trial.value must be increased if the number of nodes

is greater than n - ! - 1 at the function Po, axxl

decreased if the number of nodes is less than n-1-L

If the number of nodes is equal to n - 1 - 1, the

direction of change of the trial k canbe defined by

the symbol u(X). ‘Thefunction w(X) is constantwith

respect to k, ati, if X is aufficieut.lylarge, then

W(X) >0. Thus the graph of the function ap-

pears as:

It is obvious that for a located root with an

even number, the trial value 1 must be increased

when w C O ard decreased when w > 0. If the sought

root haa an uneven number, then the process must be

reversed. Roots are computed by means of numera-

tion startingwith a large number to which has been

attributed a neutral.number. lhis rule is easy to

express analytically:

{
A?=ra l+IZ1 sim(%-n+l+l

‘}
, (12)

n

{

n-l ~f
k’ = a 1 +CY2G1)~=@}> (13)
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ifg= n-1-l. Here ~ is the number-changingsign

at the function P. in the interval (rl,r2), but al

and a2 are positive constantsdeterminingthe megni.-

tude of change of experimentalX values.

ing

the

This ccnnpletesone step in the sequence of mak-

the functionsmore precise.

At each such step it is necessaryto calculate

ilmctions

2(Z - YJ la(la +1)
F=F==

r 2 ‘a””’

Q= ~ = - $~po,~T~,ky~vk~

Uf+u k

which in the main ccmes dmn to the calculationof

Y~~k. Des@leteaby Zaa,kthe first item in Eq. (1)

for Y=a,k is:
r

z 1
~t~ ‘ ~

f
%r ~a,dr.

o

It is obvious that

z ~Oasr~=.a~ lk w

satisfied that

z&,k = - +

~atk(o) ‘Oady@t~-Z

direct differentiationwe are

z~tk + POP=,,

y! k+ly 2k+lz-—
ao~k = — r ~:k r aalk”

Byeuch meana, the celculationY==,k is arrived

at by successiveintegrationsof equations of the

15 Fran considerationof stability,thefirst order.

first of these is integratedfran O to - for the

beginning condition Za,k = O; the second, in the

comfe.rsaMrection, wheraupon Y@,k = ‘=~lk as r---

Apeculierityfor r .0 inEq. (1) makes a vary-

ing r an inconvenientnumericalrealization of the

described methcd. In the first place, it is compli-

cated to use the formulas of integral equations; in

the secoml place, the integrationstep has to be

changed numerous times. These teti to violate the

process of the operation cycles, blocking programs

ad significantlyincreasingthair size.

0m3 weyto surmountthese difficultiesia to

aubatituteappropriatevariables. One ccul.dexpect

that a gocd variable would be

P=r+lnr. (14)

ActueXLy,as r “- the equations for P are

close to the equationa for the expommts azxl,thera-

fore, there is no reasonto change the step of in-

tegration bymeana of larger r’s. ACCOIXM.@I.Y~p

for the larger r’s is almost equal to r. For r -0,

P - r~+’. AC in the case of P -1-nr, then, rela-
(I+l)p ~itis~intive to the variable P, P-e

not necessaryto change the step of integration

accordlngto p. By such meens, to make use of veri-

able P, the step could be taken by means of a con-

stantbothasp+rnani asP4-=.

The aubstltutionof only one independentveri-

able in the equation far functions Pwould keap the

first derivative,which is udeslrable. ‘IherefOre,

there follm? substitutionsbymeane of an i!x3.epen-

dent variable to combine with substitutionfunction

P. In accordancewith Ref. 14, we assume:

(H
-+

‘= l;r
P(r).

It is not difficult to reaaon that through such

a transformed eqtmtion for p,

2
~+FP=Q

is changed into

a2f

{

r2 r2F- 1

‘+(l+r)2dp ( )/(l+r)2 ‘+
tf

$

(–)

r
‘l+r “

for function f, ati the

Y~,k.asaume the aspect

ecjpationefor

(15)

z~lk ad

y:a,k .&s& ymtk - * Za=,k I
Additional cozxiitioneare:

f(-m) = f(w) = o,

The first approxl.mation which must be done in

the numerical derivation is the substitutionof the

numercus interveJ.sfor tie final: p- ~ P < p+. ~~$

it is necessaryto remove the botuxlarycondition fran

.

I
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,

.

!’

,

* _ at points p+. For us it will be sufficientto

know the rough equations

To fini them, it is possible to take advantage
15

of the method suggestedby Rartree.

!Iheboundary coalition Z(-~) = O could similarly

be removed. But inasmuch as Zdecreaseeaignificantly

more rapidly than f as !3-.-CO,it is possible,~th-

out disadvantage,simply to assume Z(p-) = O. For

the function Y, the initial value pertains to the

point p+:

Y(p+) = Z(p+).

The seconclapproximationconsists of substitut-

ing a different differentialequation. For the sol-

ution of equations of the first order, we take advan-

tage of the formula

Y = Yi+2 +
i+3 * (9Y;+5 +19y;+p - 5y;+~+ y;),

ati for the secoriiequation, the fotia

‘i+l -2Yi+Y
i-1

= ~ (Y;+l + 10Y; + r;+l).(~)

Snbatitutingin their derivatives,given in the

equations,we obtain a convenientform for program-

ming

‘i

+-

+

‘i

+

formulas:

‘l+& IF -+] ‘i-,
i

5khzi-2

24(1 + ‘i-2J - +%&J + 24(3:.,)7 “)

19hrLlRia - 5h.r;-2Ri-2 hr:
-3Ri-

‘24(1 + ri-1)2 24(1 + ri-2)2 + 24(1 + rf-3)312J

=*] F-*]’L+l

5h(k + l)Yi+2

24(1 + ‘i+2)

19h(2k + 1)Zi+l

+ 24(1.+ ri+l)

5h(2k + l)Zi+2 h(~ + l)Zi

- 24(1 + ri+2, + b~?f,

where

‘i = ‘U,ut,i=f
U,ifol,i

ad

(,+-),+,-(2-%)%+(1+-)f,-l

. -!g(q+l+q +Qi+l) ,

‘j, 3Q()q=-
l+ri i“

(21)

Formulas in Eqs. (19) and (20) requires knowl-

edge of the three initial vslues of Z and Y. In

accordancewith the accepted method of eliminating

boudary conditions,

‘-3 = ‘-2 = ‘-l = 0

where the zero imiex correspofisto point p-, and

irxlexN, to point p+.

For the constructionof functions f. ad fm

(correspondingto P. ad Pm), it is necessary first

of all to choose points PI arrlP2 correspond ng to

points rl ad r2. For such points it is convenient

to take those values of the argument P for which the

f coefficientin Eq. (15) is reduced to zero. It

can be demonstrated that there are always two such

values of the argunw?nt.

In the interval TP1,P21, both solutions of Eq.

(15) oscillate, but in the interval ~p-,pl] arxl[92,

P+], one increaaes and the other decreaaes. ‘lhere-

fwe, in d.ifferent intervals,the calculationof

functions has to be carried out differently. In the

interval rp-,PI], the function fo is foud by the

“25 in its utilizationwithmethod of “dispersion

different equations [Eq. (21)1. By ixxiuction,we

see that the values fm f ad. f
O,i

are a.lJ3ed
o,.i+l

in the relationship:

f = Uo(l, i + l)fo,i+l + uo(i, i + 1),
0,1

(22)

in which

A
i+l

uo(i, i+l)=2B -A” ~
i

-l, i)’
io

A~+luo(i - 1, i) + Wi

2Bi - Ai ~uo(i - 1, i) ‘
(24)Uo(i, i + 1) =

(23)

32



where
h%? S&

Ai= l+-&> 2Bi .2-~,

Ini = !$(f++l + l.o~i + q,).

According to the method of removal of boudary

corditionain Eq. (17),

Uo(-l, o) = q-,

Uo(-l, o) = o.

From these initial e~ations, we calculate u

(i, i+l) ad uo(i, i+l) accor&Lng to the recurren~e

formul.aain Eqs. (23) afi (24) down to point PI; more

precisely,until the pl is near the node point. Since

fo(P1) = 1, in all Points of the interval [P-, Pi],

the values of the sought function can be fouM by

means of the formula in Eq. (22). ICnming f. at the

points pl and P1- h, its value in the interval [PI,

p27 canbe f- =y~e~ **- tie fo~a

2Bifo i - Ai ~fo ~-1 + Wi
f * s

oJi+l = A
i+l

down to the point P2+h. Along the way are located a

number of step changes of function fo. In the inter-

val [p2,P+],the functionf= is fcnmd by the disper-

sion method.

Hating obtained fo(P2+h) atif2(p2+h) by such

means, it is possible to calculate u)(k),ad this is

all that is necessaryfar the solution of the equa-

tion =0.

Coefficientsof Eqs. (15) afi (1.6) are expressed

by the variable r. Therefore, for their calculations

at a fixed value P, it is necessaryfirst of all to

calculatethe correepoxxlingr(p), which is obviously

arrived at with the solution of the equation

~(r) . r + I.nr - p = O. (25)

Inasmuch as it is impossibleto express r by p

analytically,we are obliged to resort to the numeri-

cal methcd. It is convenientto apply NewtonSs meth-

cdtoEq. (25):

r(p+l) -r(p) r(P) .

-s

q(r) is substitutedhere axxl

~’(r) =l+~,

(r(p+l)= r(p) ~+p -r(p) -lnr(p) .

1 +r(p) )

It ia evident that

r(l?f’o -r(P) =p. r(P) .lnr(P)

r(P) i
1 +r(p)

therefae, if the calculationof r ia canpleted ac-

cording to the ineq@.ity

1P
-r(p) -hr(p) <e

~ + r(P) I >

the smght-for value of r w511 be known with a fix-

ed relative error e. The initial approximation for

r can be obtained fran the follcwing considerations.

Far sufficientlylarge positive p, r - p + In P.

For sufficientlylarge negative p, r - ep. For an

interm~ate p, r is approximatedby r = a + bp +
2

Cp .
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