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UNCLASSIFIED

ABSTRACT

- 2:-

Following a suggestion by Kistiakowsky and Peierls (LAMS=188) an anelysis
has been made of the effect of a finite reaction zone on the velocity of a detonation
viave, and in particular of the difference in this phenaomenon between plane and expand-
ing waves; this analysis is limited to the msymptotic bshavior of the velocity as it
increases toward the Chapman-Jouguot limit. In the case of plane waves the velocity
Gefeoct decrenses up (dj@)g where £ is the age of the wave and d is the distance
behind the front at which the Chepman+Jougs: con&ition is epproximately attained,
while for expanding waves the decrease is of the order (d/i). The steady velooity
of a wave in a slab of explosive is &lso found in the limiting case where the thick-
ness is large compared with the reaction zone (the behavior in a finite stick should
be similar). In this case the law is (d/Z)h where 2£ is now the thickness of the
slab. Numerical values have been calculated for a particular model of the detonation
process, showing that deviations of about 5% are to be expected between plane and
spherical waves that have travelled distances of the order of 10 cm; calculations for

slightly varied models suggest that the absolute values are not very sensitive to the

choice of model,

U
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UNCLASSIFIED

EFFECT OI' REACTION ZONE ON DETONATION VELOCITY

l. Introduction

The propagation of a symmetric detonation wave in 1, 2, or 3 dimensions is
well known in the ideal conditions that the size of the reaction zone is neglected,
the Chapman-Jouguet condition is satisfied, and the equation of state of the exploded
gases follows a.g-iaw; solutions have been given by Taylorl) (these soclutions are re-
ferred to below as the "ideal™ solutions). The phenomena 3nvolved in the reaction
zone are too complicated and ill understood to permit any exact mathematical treat-
ment; we have attempted here only to find the asymptotie form of the deviations from
the ideal solutions in some special problems, namely the variation of detonation
veloecity with age in alaymmetrio wave, and the steady velocity of a wave travelling
along an unconfined seni-infinite slab (this being the simplest approximation to a
stick of explosive).

Qur results Are.based on a particular model of the detomation proceass,
which, wo believe, takes account of its aignificant features, at least in conditions
not far from the steady state. This is based on the hypotheses of von Neumann as to
the general structure «of the wavea); according to this theory the detonation fronmt
consists of an initigl shock in which the pressure is higher (by perhaps 50%) than
the normal Chapmen-Jouguet pressure, followed by a narrow region in which the reac-
tion takes place and the pressuire falls steeply. It is believed that this zone is

generally rather less than 1 cm thick.

1) G. I. Taylor, BM-49, AC=639
2) J. von Neumann, OSRD No. 549; reported in LA-165, "Shock Hydrodynamics".
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Bugoniot curve for
undetonated explosive——

Figo 1

This is illustrated graphically in the p-v diagram of Fig. 1. The point A
represents conditionrs in the undetonated exploaive¢ The shock wave rezises discone-
tinuously the preasure to a wvalue Ppk on the curve AB which is the Hugoniot shock
curve for the undetonated explosive. The reaction begins and the representative
point in this diagram of a particle describes the line BC, C being the "Chapman-
Jouguet"” pointlon the Hugonidt curve CD for the fully detorated explosive; the slope
of the line ABC is proportional tc the aquﬁre of the detonation velocity. This ap-
plies only to the steady state in which the pressure and density are functions only

of the distence bahind the front: until this is attaineﬁ the initial shock will raise
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i
the pressure to a somewhat lower pressure (or higher pressure in ths case of "persis-
tence") corresponding to a point B! on the curve AB, From there the path of the
representative point will move towards some asymptotic adiabat which will in general
be differont from that reached in the steady state.
We describe these phenomena mathematieally as follows: the aaymptotic/ adia-
bat for any particle is taken in the form
p= wx) v (1.1)
where x is a coordinate labelling the particle under consideration., Bzfore the
reaction is completed pressures will be highser than given by this equation. We
therefore write
p = p.(x)(wf‘ - \Q(x,t)) (1.2)
where n(x,t) ~» 0 as t _y 00. The value of vy 1s a measure of the amount of reaction
as yot uncompleted. We now assume that the time variation of v 1is described by an
equation
an/eét = - 29/7(p,v) (1.3)
where 1(p,v) is some given function of the pressure and volume. The factor 2 is in-
serted for convenience in the cﬁse when 1(p,v) is constant. Then w« e“ab/ T and this
1 corresponds more nearly to the usual definition of the reaction time as that time
after which the reaction is essentially complete (in this case (l-e=2) = 85% complete).
One further assumption is needed to render these equations definite, nemely
an equation to fix the initial value n,(x) of a particle when it is reached by the
shock front. We have here assumed for simplicity that
n‘;(x) = constant (1.4)

but it could be replaced by any relation botween vj(x) and p(x). We are now ready to

APPROVED FOR PUBLI C RELEASE
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2. Units, Coordinates, and Equations for a Symmetric Wave

We take as unit of doneity the density of the undetonated explosive; the
unit of velocity will be the ultimate detonation welocity (which in the case under
consideration, a velocity approached asymptotically fram below, will be shown to be
ﬁhe Chapmsn-Jouguet velocity as we should expect); the unit of length is not
specified, ’

The coordinate x will denote the position of a particle when it is croased

by the shock; at a later time t, this particle "x" has a position y; p,v denote

pressure and specific volume. Then in k dimensions (k = 1,2,3) the equation of

motion is
3%y/ax? = = (y/x)¥"! dpfox (2.1)
and the equation of conservation
(v/x)<! ayfox = v . (2.2)

These two together with (1.2), (1.3) are four equations for y,p,v,n &s
function of x,t. To these must be added some boundary conditions; these we impose
only at the shock front, for the rest we are interested in investigating only solu-
tions asymptotic to the "ideal™ Taylor molutions. We have already assumed (1l.4); in

addition we have the Hugoniot conditions at the shoock. The path of the shock will

be given by
x = £(t) (2.3)
Then y[£(t),t} = £(t) (2.4)
pg = (v )1 (£))? (2.5)
H(pgsvs) = O (2.6)

Here pgy = p(t,t), vg = v(t,t) the values of p,v immediately behind the shock and

H(p,v) = O is the equation of the Hugoniot curve AB of Fig. 1.

v e .
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We shall find it convenient fo change the independont variable x so that
the path of the shock is fixed in our; coordinates; ﬁccordingly we define s(x) by the
equation - |
x=f (B) (2.7)
where f(s) is as yet an unimown functién. Wo now rewrite our equations taking (s,t)

as independent variablss; the equations are

L a_al e (—_y—-)k"]- 92. |
£2(s) ate A\£(s) os (2.8)
k-1

(?"(%) %—f : v£1(s) (2.9)
3/t =|= 2q/Up,v) (2.10)
y(£,5) = £(t) (2.1
pg = (Levg)[er(a)]2 (2.12)
H(pabvs) =0 . (2‘13)
1,(8) = f, = constant (2.14)
Ms) = (v Y= o)L - b, (2.15)
O LLEPYCRY) (2.16)

. |

5« A Transformation of the Equatioi:s

We shall rearrange and combine (2.8) to (2.16) in the form of an integro;
differential equation for w; thereby we absorb most of the boundary conditions and
have the equations in a form suitable for an iterative method of solution.

From (2.9) aad (2.12)

t A
¥(s,t) = £(t) - I vw,t) plw,t) £'(») de (3.1)

vhere p(s,t) denotes the "weight factor" [f (8)/y(s,t )} k=l ' therefore

APPROVED FOR PUBLI C RELEASE
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. t
dy(s,t)/dt = f'(t)[lovsl = J (3pv/et) fr(w) dw (3.2)
Js

and

¥ylast) . £7(6) [1evg] - £0(t) ST (Ey_) £e(t) = vy £1(4) - (1) 39/ ) |

ot dt o/ e(t) |
It 22(ov) (353)
- ja —;tna._ fi{w) do
3
Now (-é%l = f'(t)[l-vs] (from (5°2)) (3.4)
dv dv dv
and . (S-t-)s = :i;& = (S;)a (3-5)
So
22 »t " . a - 1 2
__:_i,g__) . [f ()(1-vg) - 207(8) a4 (k lggi)(t)) vs(lova)]
ov t 32(pv) (3.6)
ov ' < | ZA8Y) po(w) dew
+(b )af(t) L ) £1(w) @
Also from (2.8),
ey o t bay
p(s,%) = Pg *+ p(w,t) FY () dw (3.7)
s

Combining (3.6), (3.7), we get

. dv k=-1){£1(¢)]2 v.(1- > t
p(s,t)= pa-v{[f (t)(luva)-zf-(t)-&-:-}+{( ) 1(*(1);]) sl Vﬂ_),(.a%)e fe(t)]}Is pL9 (w)dw

t /P R
- }. 93(_9'_;.)_ f'(w')(j oft (3) d&)dq (3-8)
8

s Ot

Consider now

t a2 [ .

I 050 [P R L TP )2 even [ ey as ]

. [ - Lr (t) Je (p£') dw L =5 [1-(1' ,..)) - £ () L of 1 (&) dqua: (3.9)
t .

4 ‘L 9%:—;-)- (1-p) _fv(w)lg dw= v, + o(s,t) v(s,t)

If we now add (3.8), (3.9) and substitute for p from (2.10) and (2.11) we get the

desired equation, . APPROVED FOR: PUBLI C RELEASE
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Q= ‘l
p(8) LN v(s,t) = 1

t T
H ].L(B) qo{exp(. l q(sd:))} +{f’a""vs° 1} + v(a,t)[l-p(a,t)]

[ dv v
¢ |£(5)(1-vg) = 2£1(t) -—53” pri(w) dw
- 8

[t

n, (3.10)
- b—i%‘l)-[l a.(m(w))a - £7(w) L of'* () da] dw

48

't a(dv) .- :
- |, 3ar ) ae

"y 52 62 : » o .)
-, (3;2“,‘5—“2 Pv]f (w) I:Pf (®) 4% )dw

This formula simplifies considerably in the plane case when p = 1. The boundary con-

ditions remaining so that a solution of (3.10) may be a solution of our problem are
(2.13), (2.1L), (2.16) which determine p,,v_ and 4(s) in terms of the unknown function
f(B)o

L. Stationary Solution in Plane Case

A stationary solution is one for which f'(s) = 1 and v is a function only
of (t-s); this can only exist for k = 1 and then since 3%y/dt2 = 3%y /382, (3.10)

shows that

P+vVv =1l (L.1)

t
'.I.o "-r + vl = “O OXK(. [B —‘t(-—l-g-:-’—v-jv) (hq2)

This is an ordinary differential equation for v which may be solved

and therefore

numerically for any given T(p,v).

5. Similarity Solutions in Ideal Case

o) Plane case: Vhen k=1 the ideal solution has a simple analytic representation,

APPROVED FOR PUBLI C RELE-
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~10=

y=rlo B/r) 2/ L L ]
+1 y-
=27/(¥41)
- —:—i- (—:— ¥ | , (5.1)
s ( 2/(fr1)=1
:+1 B
with
R 3 { ¥+l
bo = Pg Vg7 = ¥ /(¥+1) (5.2)

b) Cylindrical and Spherical Cases: For k=2, 3 no simple analytic representa-

tion is possible; the solutions have been determined numerically by Te.ylorﬁ). These
differ essentially from the plane solution in that there is an infinite pressure
gradient immediately behind the shock front; the following expansions have been

determined in the case Y =3,

k =2(cyl) p = - 3/8/Z 6 - 5/8) 6° = ....
v=3/l +3B8//& 6+17/4 6%+ .... (5:3)
k = 3(spl) p=1/M-3/B80-3/M68 - .... 5)
v=3L+3/86+9/1662 ¢....

Hers © denotes +/1- s/t.

6. Perturbation of (deal Solution (Plane Case)

If we suppose there is a small disturbance y;, py, V3 in the walues of
¥sp,v given by (5.1) and substitute these values into our equations we find
‘pyp= = (/W) vy == (aft) 7l (6.1)
Consequently at the froaut p;* v; = 0 and there is no first order change in
velooity. Therefore we may put f'=1 in (2.8), (2.9) and eliminating p; v, we arrive

at the differential equation for Vi
2 Y =1

d d (s o | -
e (G- R (62)

5) G. I. Taylor, ibid, ARTRGNVEER; FOR PUBLI C RELEASE
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For the case { =5 this may be golved immediately, having the goneral
solution
n = Blaft) + tf(st) (6.3)
where @, ¥ are arbitrary functions. The condition (2,12) eliminates the second

term. Consequently

= %¢'(s/t)

2 (6.L4)
PL< =3 g (s/t)
The consequent change in detonation velocity is
clgr ()2
where
3 H % o%H\/om
¢= (2 dpdv  2ape bvz)/s; (6-6)

H(p,v) is the Hugéniot curve. The solution in higher orders is completely deter=.
mined by the one a.rbitr'ary function #(s/t), as we might expect.

The important point is that p;, v; die away as 1/t and this may be ex-

pected to be true for all y.

7. Perturbation Caused by Reaction Zome in Plane Case

Our objective is to find the Asymptotio form of the perturbation ihn.velo-
city for a wave of finite age. We wish tc find a solution p,v of our equations which

a) approximates to the solution (5.1) at a distance from the front at late
times.

b) Approaches the stationary solution (L4.2) in the immediate neighborhood
of the shock.

Consider now Bq. (3.10). In view of (b) and the ideal solution, we can be
sure that (02/3t2 = 32/3s2)v will be of small order near the front, If we insert the

ideal solution in this term we get (p +v~1) sq° For small deviations we have

APPROVED FOR PUBLI C RELEASE
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(Py + Vg = 1) = = 2(1-v,) &(t) (7.1)
where g(t) = 1 = £'(t) is the change in velocity. The third and sixth terms in
(3-10) vanish identically, and the fourth is of order (t-s) g*(t) a.nd may therefore
be neglected in comparison with g(t) when we are concerned only with wvalues of (t=s)
that are o(t).

In the fifth term the bracket is approximately equal 2g(w), and so long as

(t-8) = o(t) we may write this term as

t
-%@)[°‘2dw=-%uﬂn-vU¢ﬂ (7.2)

s
If now we make these simplifications (3.10) becomes

1(e) v + v(s,8) = 1 = u(e) ns,t) - 26(0)[1 - v(sst)] ¥ [p 4 v-1)  (7.3)
Yorget about the second term; then for (t-s) ¢« t, {7.3) ia easentially
the equation for the stationary cese. Again if t=s >) t, the last term dominates
and a solution is obviously p = Pid» ¥ =Viq-

However, thies is not sufficient since the left of (7.3) has a minimum at
v=v,, say, for which its value is [(‘+1)/t]vc-1, The right<hand side must therefore
pass through this wvalus and also have a zero derivative with respect to t at con-
stant 8, at this ea.mb point; else we shall be on the wrong "branch", and the solu-
tion will not approach the ideal solution. It g(t) be so chosen that these condi-
tions are satisfied thsn the solution of (7.3) a&s an algebraic equation in v is our
first approximation to. the solution. |

Now p(8) is defined by (2.16). From (2.13), (2.14) we have

| 5p + va= - 2(1=va) g(t) |
§p + (= pfdv)y bv =0 (7.13)
8o e
bp bv _ 2(1-vg) g(t)

- (= %fv)y T 1 (- dpfav)y - 1

APPROVED FOR PUBLI C RELEA!_
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Therefore from (2.16) —
<+l
S = p + Ivg — bv : = 2rg(s) ' (7.6)

M Ps Vg U=
where
.. Lep/ovly - [op/fovly
|p/ovly - 1
(|0p/c‘.v’8 is the slope of the adiabat through pg, Vg). Now V. is defined by

(7.7)

vc”l:ns(a). So ‘
bvg . 1 ok _ 2ra(s)

Vo - ‘*1 ¥ "1
Therefore the minimal value of the left side of (7.3) is
.Lf_l.vcalz ubv:cm (7.8)
4 yel

We are interested here in the case of velocities approached asymptotically
fron below, i.e., g(t) > 0, Therofore the minimum value of (7.3) is negative; the
first and last terms are positive and g(t) must supply the difference. Clearly as
% —) 00 this minimum must tend to zero i.e., vg — ¥/(y+1), the Chapman-Jouguet
value. (If g(t) < O then since r ¢ 1, Eq. (7.3) obviously cannot be satisfied at
the minimum; that is, the velocity can only exceed the C-J walue if it is maintained
by an artificial highapreaoure backing. )

Denote the r;ight of (7.3) by.Q(a,t). Then for a certain s = sg(t) we
demand that

- _2£§_(.§.2. = Q(s’t)

‘O*]-; OQ(B,t) (709)
ot

These equations suffice to dgtemine the asymptotic form of g(t). Clearly
we may put p(s) = ko in Q. If wo differentiate the first of Eqs. (7.9) totally with

respect to t and subtract the second it follows that

- 2g'(s) ds _Q  ds

(7.10)
y¥l dat ds dt
APPROVED FOR PUBLI C RELEASE
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allje
or -
2rpt
ho 22 + ?g(t)( D2 feveilia "%‘“i‘?')'w (7.11)

Now obviously if t = s = o(t) the 2nd and Lth terms are of lower order than the first |

and third. Thus the function s(t) is defined by

. .‘?.'l.(_;.;ﬂ o (prv=l)yg =0 (7.12)
Then we find
3(1-r)
r+l

(aince g(s) = g(t)) .

If we introduce a perturbation (of the type considered in 6) into our

g(t) = pg n(8,t) + [p v-1)44 (7.13)

"ideal" solution we shall intrcduce terms of higher order into the term
(92v/5t2 = 82v/38°); therefore the veloéity etc. will only be affected in a higher
order. The defect in velocity (7.13) is independent (asymptotically) of initial
conditions (unless we are concerned with "peraiatence" effects, g < 0),

The procedure outlined above clearly supplies an iterative method for
determining higher-order effects; in the noxt epproximation, we should have to in-
clude terms arising from the departure of ‘{{p,v) from its stetionary val ue, and

neglected terms in (3.10).

8., Perturbation of Expanding Waves Due to Resction Zone

The treatment in the cases k = 2, 3 is essentially the same but there are
some differences due to the extra terms in (3.10) and their different relative orders
of magnitude. Of the terms om the right of (3.10) the eecond.and fourth are treated
as before; the fifth will be

t
- 2g(t)f ﬂg—:-’)— dw = = 2g(t) [va - 3(s,t) v(a,t)] (841)
8

———

APPROVED FOR PUBLI C RELEASE
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Congider the third term; y(s,t) = f£(t) - V(t-s) where V¥V is some average
value of v over the region between (s,t) and the shock,

Therefore
/ £(s) kell  (k=1)(1<%)(t-s)
(- P(B:t)) 2 4l = =
£(t) = F(t-s) t
bacauss of the exponential character of the similarity solution we mey replace ¥

by v, with small error. So the second term is
[(kal)v(lav)(toa)]/t (8.2)

The last two terms remain; if in the last term we put the similarity solu-
tion it becomes of order t"5/ 2; in the stationary solution it is zero, so in this
case we may neglect the last term altogether in first approximation. The sixth term
is also of order t°3/2 in the ideal solution; but it does not vanish for the stetione
ary solution, for which however most of its value arises from immediately behind the
shock, and since conditions there will be almost staticnary at late times we may in-
sort the stationary aoiution into this term.

We have in place of (7.3),

p(s) vie valc= Q(s,t)

p(8) n(s,t) = 2g(t)[1= ov(s,t)] + v(8,t)[1- p(s,8)] (8.3)
t
| [ ol oo

8

8
The same argument applies about the Chapman-Jouguet velocity; and Eg. (7.10) yields

in the same approximations as (7.12)

o Rt - wout) 22 <0 (8:4)

Now

30(8:8) _ (1 of£18) | pu(s,t)
TG T (e

Therefore we have

- PAPPROVED k@lPUBGﬂcR}SI{EASE | (8.5)
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and also
vl

9. Numorical Eveluation

a) Consider first the case when y= 3, 1 is constant and Mo = 1, 80 that the
peak pressure is about &4% greater than the Chapnen~Jouguet preeaurs. Then in the

plene case, (5.1) gives, for (t-s) «< ¢,

_a\2
[prv-1],, -_g.(%i) (9.1)
while .
1 = oR(e-t)/ 1 (9.2)
The Eq. (7.12) is then
-2 ;i z
28 ° B (9:3)
defining £ = 2(t-s)/T as a function of t/f and
t) = So(t) 'bp/évlﬁ°1 't B}
o) = £20 = TR () (9:1)
vhere
2
‘o _ﬂ82+3/16z .
b) New consider the cases k = 2,3; the Eq. (805) gives
—EZ o= - 3(k-1) | (9.6)

128 16 T;'
in place of (9.3). To find g(t) we have to cstimate the integral in (8.6). Since

all variables are functions of (t-s) ws have

00
- L 2 (10p) aw w] = (1-ele) a (9-7)

dw °
In our case the 2nd integral may be evaluated numerically; & rough esti-
nate, which is sufficient here, gives a wvalue
0.11(k=1) Z/2% (9.8)

APPROVED FOR PUBLI C RELEASE
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Consequently we find analogous to {9.5)

() = At (1, £1), SNt (9-9)

The functions gok(t) for k =1,2,5 are shown in Fig; 2 which givea the
velooity (l-g) as a function of the age of the wave in units of the reaction zone
length,

¢) It is olear from the above that the deviation go(t) is of the order (d/. 2"
(n = 2, plane qase, n = 1, expanding cases), where £ 1is the age of the wave and 4
is the distance behind the front at which the Chapman-Jouguot conditions are approxi-
' mately fulfilled. The fact that d~ T Lnt/T is a consequence of our particular
model; if the reaction were complete in a finite time then d would tend to a con-
stant. We can consider scme variations of our model tAo soa how sensitive to it the
numerical values are.

First let y =2.5 instead of y= 3, Then

| [p+ Ve 1}fld = 0.230 (f’-%f- ? , (9.10)
So (9.3) becomes
i'g]é o™% = 0.230 £/(t/T)2 (9.11)
and inatead of gl(t)
ga(t) = 0,115 (22 +22)/(£/1)2 (9.12)

Next suppose o = 0.52 and y= 3, corresponding to an initial overpressure
of L4O%; this leads to the equations
| <0675 7% = (3/8) ~ 2/(t/ D2 (9:13)
and -
8, (8) = [(3/8) =+ (316) #2](t/D)2 (9:14)
Finally coneider a model in which the pressure gradient is more steep im-

mediately bshind the shock, such as

APPRGVEEP éov@shﬂ)/ & JQEL EASE (9.15)
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(the factor l; is inserted to make more compsrable the wvalues of 7 in (9.16) and

(9.2) ). Thia leads to the equations

a7 o/ * .3 T
& 375 " 16 R . (928)
and ‘ /
3/2 2
Bo(t) = ;,i- (%) (9-17)

The functions g;, Ba» 81y B, 8re given for comparison in Fig. 3. Asymptotically g¢
is of higher' order than the others but the absolute differences are not great; these
results suggest that the absolute value of the veloocity deviation is not very sensi-
tive to the mcdol chosen (for variations of the kind considered above),

d) With regard to the factor 1/(ler) occurring in (9.L4), it is difficult to make
any estimate, but it seems likely that the adiabatic and Hugoniot curves will be
closer than either is to the slope line ABC of Fig. 1. That is, it is likely that

this factor is not much greater than unity.

10. Jdeal Solution for Semi-Infinite Slab

Consider a plane detonation-wave of

infinite age travelling parallel to the free

0

surface of a semi-infinite slab of explosive.
Take a coordinate system in which the detone«
tion front OP is stationary and explosive ad- ?ﬂ-
vances toward it with velocity D. g e

Then the solution is known to be a <
Prandtl-Meier expansion about the cormer O.
It is convenient to use the notation of the | 3

theory of characteristics developed by Fuchsh). One system of characteristics (+)

L) K. Fuchs in LA-165 (section 1), Shook Hydrodynamics.

APPROVED FCR PUBLI C ReL ENR
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=1Qa

are the rays throuéh O; if such a ray makes an angle ¢ with the detonation front
then it carries a constant value of

a, S +P(}) = 2¥0) - T2 (10.1)
where @ 1is the angle the velocity makes with the mormal to the D-front, /}” is the
Mach angle (sin // = c/u), and (in the case y = 3)

F(H) = =} = /2 tan"? (‘%’f) (20.2)
The values of a_ are everywhers the same ’

a_ =g -Fp= 1/ (10.3)

The function $(0) is

#(8) = -0+ tan°1(/§ tan %) (19.4)

11, Ideal Solution for Finite Slad

I% is not possible to find a simple analytic representation for the solu-
tion of this problem; however, all we require for the application of our previous
methods is an expansion near the D=front and near the central plane of the slab.

This we find as followsa.

Take the stationary coordinate system as before and let 2a be the thicke
0 free surface

nese of the slab; take a plane section

nermal to the surfaces so that 00! rep-

resents the D=front. Yet P be some

other poinut in this seoction, and OP,

OtF makes angles @, @' with the D-front.

free surface
Near O, Ot the solution must

be the same as for a semi-infinite slab; thus from O there start + characteristics

carrying values

a, = 2%9) - 1/2 (11.1)
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Similarly from O!' these start - characteriatics. carrying values

a =2 - 2§(6°) (11.2)
Near O, 9% — 0 and «_ - 17/2; therefore the complete soluticn of the problem could
bs found by an iterative procedure as follows,

1) For any point P, PO, PO* define 9, 6¢; and let at P,
@, = d—*(e)» X, = ﬂu(g').

2) With this as first epproximation we may caloulate the slope of the character-
isties through P.

3) Use this to find the deviations of the characteristics from streight lines
and so to find corrected angles @, 8' belonging to an arbitrary point.

We shall carry out this procedure near the point C, With coordinates x, y measured
from C as shown,

ten © = x/(a-y), tan @°¢ = x/(a+y) (11.3)

Near C, @, ©? are small, so approximately

(@), = = /2 -1/3 65 ...

@Jp= T/2 +1/5 83 ..., (11.4)
So at P,
Y = - /2 1/ e 02) (11.5)
and ' '
) =12 - [95+0'3]1/5 (11.6)
also |
g =1/6(0'3-03) )

Consider a fixed small 9;-as P varies from O to the central line, @' goes
from O to 8. Since along a characteristic,
ay/ax = /2 % (gt )) , (11.8)

and since 8, 0' are amall we have approximately that along the &=characteristic

APPROVED FOR PUBLI C RELEASE
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=2) = l
3 1/3
dx x) x )3
— = alf=] & 11.9
a (a€ ((2- §)a ( )
where
a-y:af (11.10)
So that
l1-y/a £ 313/3 af
X = 8{a~y) exp 14 ---) ° lp =~ (11.11)
) 2-f §
and on the central line y = O
0 = 0,942 x/a (11.12)
Now by Bernoulli’s theorem |
c2 ¢+ u° = 9/8
8o that
c2 9

" 16(1+ Boat? 7

or approximately

¢ = (3/M)(Q -62/2/3) (11.13)
on the line y = O. This gives
_ 50614 z\b )
p+rvels 523 = 0,186 (;-) (11.14)

12, Effect of Reaction Zone for Finite Slabd
1) In Cartesian ccordinates the hydrodynamical equations of a ate'ady-ata.te

motion are

u ° -b;l: = = l 22-
= O p o8 (12,1)
div (PE) = 0

Let us introduce coordinates =z, t into our problem where =z is defined by

(pu,) = (22/3y)ys puy = (3e/dx),, (12.2)
g0 that at the shock front

(32/3y) shock = constant = shock velocity at center (12.3)
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- 220
and t is the time since a particle crossed the D-front. Since zx/zy z - uy./'ux
z 1s constant along a stream-line.
If we now treat 2z, t as independent variables and x, y, p, v, as de-

poendent we find the relations

a(xoY)
©3(t,3) (12.4)
(.aax) B éy) .ép) - (by) (bp\’
6t25- étz 631; bzt btz
Y (12.5)

%
[\
=
]
"

(), &) - 6).®,

d
3t (ptv) = (v y2 +x¢ xz) 35’ + (%t yet = ¥t Xzt) = (xza + Yza - 1) %% (12.6)

From these we get !

Here subscripts denote partial derivatives.
2) Now for the ideal solution the shock velocity = 1 for all y, so we may toke
= y at the D-front. Then x, y, p, v are known functions X, Y, P, Vof =z, t,
satisfying (12.6).

When wo take into account the reaction zone let the steady state velocity
be S 8o that £ = Sy at the shock front. Then the solution to which we must approxi-
mate behind the front is X* = X(z/s,t), ..... First since X, Y, ..... satisfy (12.6)

[ * o o2 & g%y Op¥ & g% *

30 BT+ V) = 85(0 o Xg K7) o # S(XG Yoy =¥ Xo)
"2 | 42 dp*
- {s(xz +Y3°) - 1} P

Then as before we substitute the approximate solution P*, V* on the right of (12.6)

(12.7)

getting
5 (04) = (% T o5 x3) 222 v (X} 3y - 13 X3
(12.8)

bp*
- x"‘2+ *2
( e -V % 3t
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" Na—
So that eliminating 6pt/éz from these two equations

o L1 L - 1. Jpx
3 () = 5+ - (Pave) + Q- )(Xt Tre =Yg Xet) ¥ (1= —3) o (22.9)
and by integration with respect to t

p¥v = pgtvy + (1/52)(P* 4+ v*= 1)
+ (1-1/5) ] (x3 y; K,) dt
+ (1=1/52) r ap" (12.10)

The last two terms will be of small order at the critical point, so that as before

we get an equation

4

VeEpry =1z pe"zt/’t

81 ‘ '
- 2(1ov,) g(x) + g x 0.186 (/e )l (12.11)
where z is to be equal to its wvalue at the center of the slab, z = a neglecting
higher powors of (1 - 8) = g(a). This may be treated exactly as (7.3); the curve

for g(a) as & funotion of a/Z is shown in Fig. L.
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