LA-6885-MS

Informal Report

C’C°14 REPOHT uUc-32
c 9, REPROD,}&';,’:,ECTION
: Copy

Issued: July 1977
i

Automated Heuristic Stability Analysis for

Nonlinear Equations

Q]

I

L. D. Cloutman
L. W. Fullerton
>
=10
méo
=
=

ATL-

i

I

\

39

I

los alamos
scientific laboratory
of the University of California

LOS ALAMOS, NEW MEXICO 87545

\

An Affirmative Action/Equal Opportunity Employer

UNITED STATES
ENERGY RESEARCH AND DEVELOPMENT ADMINISTRATION
CONTRACT W-7405-ENG. 36


ABOUT THIS REPORT
This official electronic version was created by scanning the best available paper or microfiche copy of the 
original report at a 300 dpi resolution.  Original 
color illustrations appear as black and white images.

For additional information or comments, contact: 
Library Without Walls Project 
Los Alamos National Laboratory Research Library
Los Alamos, NM 87544 
Phone: (505)667-4448 
E-mail: lwwp@lanl.gov



Printed in the United States of America. Available from
National Technical Information Service
U.S. Department of Commerce
5285 Port Royal Road
Springfield, VA 22161
Price: Printed Copy $4.50 Microfiche $3.00

This repord wax prepsred ex on sccount uf work sponsorcd
bs the United Shades Covernmend. Neither the United Sintes
nor the Uniled Steles Fnergs Rescarrh and Nevelopment Ad-
ministralion, nur ans of their employees. nor eny of their ron-
tracdors, subceindrarlors, or bheir emplovees, mukes eny
xpress or implied, or sssumcex any legud lishidigy or
fur the accuracy, compledenessa, or usefulness of
eny infor: spparelux, produrl, or process disclosed, or
represeghs thad ids use would nol infringe privalely owned
righis.




AUTOMATED HEURISTIC STABILITY ANALYSIS
FOR NONLINEAR EQUATIONS

by

L. D. Cloutman and L. W. Fullerton

ABSTRACT

|

t“ ' The modified equation method of heuristic stability anal~
ysis has proved to be a useful tool for the prediction of in-
“stabilities of nonlinear finite difference equations that are
-used in numerical fluid dynamics. The need to calculate and
manipulate multi-dimensional Taylor series expansions is a
serious disadvantage of this technique, and for many problems
of interest, it is difficult to obtain a reliable result by
; hand. We have, therefore, written general purpose programs
L to do the algebra by computer, for both the series expansions
and elimination of time derivatives from the truncation error
terms of the modified equation. We discuss some important
features of the procedure and present examples of how the
results may be used to design and improve difference methods.
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. INTRODUCTION FORMAC, but they did not treat nonlinear equations.

Heuristic stability analysis (e.g., Hirtl)
consists of examining the lowest order truncation
errors of a finite difference equation (FDE). These
errors are obtained from Taylor series expansions,
sometimes multi~dimensional, of the solution of the
FDE about a suitably chosen point. Often simple
examination of the expansion can reveal undesirable
properties of the FDE, such as zeroth or negative
order errors and diffusional instabilities. 1In
principle, these expansions can also be used to help
design difference methods by eliminating inaccurate
or unstable forms before performing a series of
numerical tests. Heuristic analysis also has been
useful in predicting some of the stability require-
ments of nonlinear finite difference methods used
for numerical fluid dynamics calculations. In
particular, Rivard et al.2 have recently used such
truncation error expansions (TEE's) as the basis of
a technique to stabilize and improve the accuracy of
the ICE algorithm orginally described by Harlow and
Amsden.3

Warming and Hyett4 discuss a procedure for

analyzing linear problems using a program written in

The massive amount of algebra involved in car-
rying out the expansions and time derivatives elim-
inations for many problems of interest is a hin-
drance to applying the heuristic technique. Indeed,
even relaqively simple FDE's may be impractical to
analyze by hand, because one cannot be sure there
are no blunders in the derived result. We have,
therefore, implemented the heuristic technique in an
algebralc computer language, and this implementation
is discussed in the next section. In Sec. III, we
give several examples which illustrate how the

results of our program may be used.

II. METHODOLOGY

In order to illustrate the heuristic technique,
we first carry out an analysis of a typical FDE from
the field of numerical fluid dynamics. The one-
dimensional continuity equation in Cartesian coor-

dinates is
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where p is the fluid density, u is the velocity, and
£ 1s an artificial mass diffusion coefficient that
may be needed for stability. For the ICE method,

we approximate Eq. (1) by
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where a superscript denotes the time level and a
subscript denotes the mesh cell number. Figure 1

shows the kind of staggered grid used by ICE., The
time centering parameter 6 assumes values between

zero and unity. We now choose a point, say time
level n and cell center i, about which to expand
the dependent variables. Next we calculate the

truncated Taylor series expansion

M
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where y is either p or u in our example. Because
we want truncation errors through 0(&t) and 0(6x2)
in the final result, we must, in this case, keep

terms in Eq. (3) through O(Gtz) and 0(6x4). When
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Fig. 1 Fragment of the computing mesh for the

thermal diffusion example, Eq. (15). The
Ty are defined on the cell centers ry, and
the r; ) are the cell edges. The same sub-
scripting notation is used in the ICE dif-
ference equations, where p 1s defined at
X Ty and u is defined on the cell edges.

we substitute Eq. (3) for each of the variables in
Eq. (2) and drop high-order terms, we obtain the
original differential equation plus extra terms that

we call truncation exrors:
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This result is called the modified equation. This
expansion procedure, we see, 1s simple, well defined

and very tedious. It is, therefore, ideally suited for

implementation in an algebraic language. We chose

to code the heuristic algorithm in ALTRAN,S’6 because
ALTRAN 1is designed for massive algebraic operations
on rational polynomial expressions. Moreover, it
contains a number of routines which manipulate trunca-
ted power geries efficiently. The list of the expan-
sion code 1is given in Appendix A. The algorithm
could be implemented in a number of other algebraic
languages including MACSYMA, REDUCE, and FORMAC,
provided they are available on a sufficiently large
computer.

The most important consideration in designing
this code was to minimize the work space (i.e., core)
needed. Even though we use the LCM version of ALTRAN,
which has 131 000 words of workspace, the explosive
growth of intermediate terms can cause memory
overflow even for fairly simple difference equations
unless care is taken to make the most efficient use
of the memory. Rumning time 1is usually no problem
on the CDC 7600 although the efficient use of memory
also tends to reduce run times. )

The program uses indeterminant arrays to rep-

resent dependent variables and their partial deriv-



atives. For example, 8(i+j) u/axiatJ

by the array element U(I,J).

is represented
The code 1is set up to
handle four such variables; P, T, RHO, and U. More
variables can be added to the layout if needed,
although they would increase memory requirements.

The maximum order of the expansions is set by the
integer variable ORD, currently set to a value of
six. The maximum value of I or J is set by the
integer variable N, also currently set equal to six.
If higher order derivatives or expansions are needed
at any point in the calculation, N and/or ORD must be
increased, with a corresponding increase in memory
requirements and running time. In practice, however,
even large, high-order problems are practical on the
LASL 7600's.

The Taylor series expansions are done by the
LONG ALGEBRAIC ALTRAN PROCEDURE TE, which i1s invoked
as a function. Suppose we choose (i 6r, n 6t)
as the point about which we want to perform the
expansions. A single call to TE can expand a prod-

uct of up to four variables. The calling sequence

TE(fy,a), by,f5,8,,b),£4,34,b4,f,,8,,b,) expands
(£ )n+bl (£ )n+b2 (f )n+b3 (f )n+ba to order ORD in
1, 2’ 3% 4
ita) ita, ita, i+a,

both 8r and &t.
TE(U!—l/Z’l)‘

For example, uzfé is represented by
It is more efficient to compute prod-
ucts with a single call than to make separate calls
That 1is, use

TERHO, 0, 1, U, 1/2, 0) for of'iu},,
TE(RHO, O, 1)* TE(U, 1/2, 0).

The first method com-
putes only terms of order ORD. The latter method

and multiply the results.

, not

expands each variable to order ORD, and the mul-
tiplication generates many terms through order 2*ORD
that are eventually discarded.

Since there is no simple way to specify the dif-
ference equation on data cards, all input data is
specified in executable ALTRAN statements in a spe-
cial section of the program. RORD and TORD are the
maximum orders of &r and &t,respectively, to be
DERMOD is the left-
hand side of the modified equation, and it will be

retained in the final result.
explained in more detail in the example. DE is the
differential equation, and FDE is the finite dif-
ference equation expressed in terms of TE. The
listing of the code in Appendix A contains Eq.

(2) as an example. Note that DE and FDE are always

written in the form such that they are equal to zero.

We want the truncation errors to {(8t) and 0(6r2),
so RORD = 2 and TORD = 1. Since the expansions are
divided by &t and 6r2, they must be carried out to
at least order 2 and 4 in &t and 8r respectively.
Therefore, ORD must be at least 4.

This example is a trivial problem -~ only 14
seconds of central processor time and 37 000 words
of workspace were required on a CDC 7600. Although
131 000 words of workspace are avallable in our _
version of ALTRAN, memory space, not running time,
still limits the size of the largest problem that
can be run. Very large problems often can be run
plecemeal, however.

Appendix A consists of a complete listing of
the expansion code, plus a sample problem. Appendix
B contains a detailed flow chart of the ALTRAN cod-
ing, definition of all variables, and a description
of the purpose and operation of every procedure.

For some purpose it is necessary to eliminate
all time derivatives from the modified equation.

In our example, we need 9p/3t and 3u/3t and their
derivatives with respect to both r and t. Therefore,

the modified equation is punched out in the form

2

3 3
DERMOD = RHO(0,1) = 5%=- 2_;: -0 g_;+ £ _a,.%
o
3 dp _
+ 2228 - TER. (5)

The time derivative elimination code then differen-
tiates the right-hand side and elimipates the time
derivative from the truncation error terms TER.
It is necessary to use the modified equation for the
momentum equation to eliminate the time derivatives
of u. We will return this example in the next sec-
tion.

A simpler example will suffice to illustrate
the complexities of automating the general procedure
for eliminating time derivatives. The modified

equation for the difference approximation,

T - T
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expanded about time n and space point i is

2. A4
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ox ot 9x

O

(8)
We will keep error terms of order St and ze. Begin

the elimination of BZT/Bt2 by differentiating Eq.

(8) with respect to t,

3

3%t . %1 ee 9T | &x’k ot
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Substitute Eq. (9) into Eq. (8) and discard high-or-

der terms:

e (10)

Note that we have lowered the order of time deriva-
tive in the error terms by one. Now we can differen-

iate Eq. (8) with respect to x to obtain

which we substitute into Eq. (10):

or 2%, ke 1 kee) o' 2
3t 2t 2 \3° 2). 4 -
8x~/ ox

It is obvious from this trivial example that the
elimination of time derivatives from the truncation
error terms of the modifed equation is, in general, a
very messy algebraic problem for the general case of
coupled nonlinear partial differential equations.
The code and flow charts listed in Appendixes C and
D describe a first attempt to solve this problem.
Although this program is capable of handling very
large problems in a reasonable amount of central
processor time, a clever programmer should be able
to improve its efficiency. For this and other rea-
sons to be discussed later, this code should be
considered a useable but unpolished tool.

The elimination code reads its input from cards
punched either by itself or the expansion code. The

elimination code only makes a single pass at elim-

inating the time derivatives, lowering the order of
the time derivatives by at most one per run. Thus,
our simple example would require two runs. The

first run would read cards punched by the expansion
code, and the next run (and all subsequent runs if
necessary) would read the cards punched by the expan-
sion code on the previous run. This multiple run
procedure is inefficlent in terms of the human inter-
vention and turn around time involved, and we intend
to eventually combine the expansion and elimination
codes into a single completely automated code.

The elimination code can also handle simple
systems of equations. It can read a second modified
equation and substitute derivatives of the first, or
primary, modified equation into the second, or sec-
ondary, modified equation. Our limited experience
with systems of modified equations suggests that
improving the efficiency of workspace utilization
should receive high priority in the list of improve-
ments to this code.
rious with the LCM version of ALTRAN available on
where 131 000 decimal

words of workspace are available, but it is likely

The memory problem is not se-

the CROS operating system,

to be quite limiting at installations with smaller
workspaces. Some steps for reducing memory require-
ments and the number of runs are described in Appen-

dix C.

III. APPLICATIONS

Truncation error expansions may be employed in
three ways. First, they indicate the order and ac-
curacy of FDE's, and so they may be used to help
choose the best form for a particular problem. Sec-
ond, they may be used to find stability conditions
for some problems. And finally, they may be employed
as the basis of a new method for stabilizing some
finite difference algorithms. In this section we
discuss examples of each of these applications. We
emphasize that although most of our examples are
relatively simple and could be done by hand, the
ALTRAN programs are powerful tools that can do and
have done expansions much too large and complicated
to do reliably by hand in a reasonable amount of

time.

a. Comparison of Errors of Pifference Equations

The TEE's easily indicate some undesirable

properties of FDE's, such as zeroth-or negative-




order errors. Such information is quite useful,

for it may rule out use of a particular FDE before
it 1s coded and subjected to numerical tests. But

beyond such simple observations, FDE's are not easily
compared. The next example illustrates the type of
analysis frequently necessary to determine which one

of several FDE's is more accurate. Consider the one-

dimensional diffusion problem in spherical coordinates

or_, 10 [20r <
e ¢ rz . (f ar)for 0St<owo, 0Krsm,

(13)
T(r,0) = ST
T(m,t) = 0 ,

and

9T -
3t (o:t) =0 ’

where ¢ is a constant. The analytic solution is

T(r,t) = exp(-¢t) sin(r)/r . (14)
Now consider the explicit FDE
+1 n 2 n n
Z?L T o | TaanTi T )
8c Vs Tiv1 T 71
2 n n
r (T, -~ T )
-———lffril . (15)
i i-1
The computing mesh is illustrated in Fig. 1. We

compare the accuracy of two different definitions of

Vi in Eq. (15):
_ 3 _ 3
v, = (ri+% ri_%)/3 (16a)
and
2
V:.L = (7::L+a§ - ri_%) . (16b)

Note that the cells are spherical shells, and V:L is

the volume of one steradian of the ith cell.

Heurlstically we expect Eq. (16a) to be more

accurate than Eq. (16b) near the origin, because the
former volume elements exactly fill space. The lat-
ter volume elements are all smaller than the former
for the same set of mesh points, and the effect is
most pronounced at small r. Both volume elements
give conservative FDE's, but they conserve different
amounts of the conserved quantity. For constant T,
volume elements in Eq. (l6a) lead to conservation of
the correct amount of the conserved quantity

2 2
4 f T r'dr, but Eq. (16b) conserves the wrong

o

amount.

We can use the expansions to determine which
volume element 1s more accurate. The TEE's for Eq.
(15) with Eqs. (l6a) and (16b), respectively, are

equivalent to

- [det _ L___.drz] [& + 4 i'l] (17a)
2 12 4 r 3
or or
2 2
+ [3—T -1 ﬂ] + 0(st2, 65"y
r or
6r or
and
3 2 2 4
_T_¢Li rza_T_QGt_QGr 3T
ot 2 3r or 2 12 4
r or
3 2 .2
+ 2 ﬂ] + 8 T L gese? 6 (17b)
r 3 2 2
or 4 r or

for a uniform mesh.
At first glance, Eq. (17b) appears better than
(17a)

Furthermore, unlike Eq.

Eq. (l7a) because the coefficient of %% in Eq.
is proportional to l/r3.
(l6a), Eq.
is exact for a solution T, linear in r. Thus, our

(16a)

However, as we

(16b) leads to a difference scheme which

earlier arguments about volume elements in Eq.
being better appear to be wrong.
shall show, our superficial examination of Egs.

and (17b) is at fault.

(17a)

Currently, there is no general procedure for




choosing the more accurate of several FDE's, based on
Taylor series expansions. But we now present a

procedure which works many problems, and we hope it
will provide a basis for an even more general proce-
dure. The cursory examination above is misleading,
because %% = 0 at the origin and because some error
terms partially cancel each other. We expand T in

Taylor series about r = O for some n, 0 < n<r

5/2°
and a time T, tn< T < cn+l:
e i
1
T(n,r)n}: a——-T—(g’ll”—, } (18)
i=0 ar(l) il

After differentiating Eq. (18) and substituting into
the space errors of Eqs. (17a) and (17b), we find
2
r

gor” (2%, 4 2’r, 2 1 _ 2 a1
12 8r4 r

12 n3 or n 8r3

0(n°)]

g8’ [_i 9T, T , 5 331(0,

+

(19a)

and
gsr’| 't 42’1 3 o%r
— —— + ——
12 4 " r . 3 2,2
or or r~ .or _
r=n
2 2 3
o $8rf 3 97T(0, T) +‘1 3°T(0, 1)
12 2n2 at2 n 8:3
+ 0(n°)] (19b)
Because oT ng = 0 for most physical problems, the

l/n2 error in Eq. (19b) dominates all others in Egs.
(19), and so Eq. (l6a) actually leads to errors
smaller than Eq. (16b) near the origin.

The boundary conditions are imposed by
T =T (20)

and either

Tyer® “Ty 21, (21a)
or
1 8
= - = = 2
Tyl 2y + 3 Ty 1 +3 Ty (21b)

where Tb = 0 is the boundary value. For boundary
conditions in Egqs. (2la) and (21b), respectively, th

right side of Eq. (15) is equivalent to

3 2
31 9 2 3T\ Orlo’T , 2 9°T 2
¢{Z_2¥<’ a_r>“ ?[—3“ ?_2]+0(6’ >}
r or or

(22a)
and

2 dr or 6 3
r or

¢{i i(rz a—T)- o 21, 0(61:2)} . (@22b)
Each equation is valid for both volume elements in E
(16a) and (16b). Note that the simpler Eq. (2ia) he
a large zeroth-order in the diffusion term. Therefe
we expect the first-order boundary conditions in Eq.
(21b) to be more accurate in the outer part of the
mesh where the boundary treatment dominates the
accuracy of the solution.

In order to substantiate our deductions based
on TEE's, we numerically solved Eq. (15) using sev-~
eral combinations of Eqs. (16) and (21). Figure 2
shows the relative errors as a function of r at tim
t = 0.23687 for several of these calculations. We
see that the best accuracy obtains from volume el-
ement in Eq. (léa) and boundary condition in Eq. (2!
as predicted.

b. Truncation Error Cancellation Algorithms

The second application of TEE's 1s important i
the field of numerical fluid dynamics. A number of
instabilities that arise in such calculations are
due to diffusional truncation errors with negative
diffusion coefficients. An obvious application of
TEE's is to find stability conditions for numerical
algorithms that are subject to diffusion instabil-
ities. On a higher level, these expansions can be
used as the basis of new method for stabilizing the
Both of

FDE's as reported by Rivard et alz.

these uses are illustrated with a one-dimensional



-l
t= 0.22687 !
=
e
ul
[
2
=
K]
z
3
A 4
S
3
5
| | {
r s
° 2
Fig. 2. Relative truncation errors vs. radius at a

fixed time for five soiutions to Eq. (15).
Curves 1, 3 and 5 use volume elements (l6a),
and curves 2 and 4 use volume elements

(16b). Curve 1 used boundary condition
(2la). All others use boundary condition
(21b). Curves 1, 2, and 3 were computed

using 10 cells, and curves 4 and 5 were
computed with 20 cells.

version of the ICE method3 that requires much

less artificial diffusion to obtain stability than
many other methods. Again, we emphasize that our
simple example is chosen for clarity of presenta-
tion, and the programs are useful for much more
complicated FDE's.

We describe the truncation error cancellation
(TEC) technique in detail only for the continuity
equation (1), but the same procedure is applied to
the momentum and energy equations, as well. 1It is
possible, however, to improve the algorithm by ap-
plying the procedure only to one or two of the equa-
(2).

(4), but the

time derivatives must be converted to space deriva-

tions. We use the FDE given by Eq. The trunca-

tion error expansion is given in Eq.

tives by using the continuity and momentum modified

equations. We obtain for the diffusional errors
3%0 6t .2 . 2. &x° 3yl 9%
L5 = (26-1) 5 (W™ + ) —F7— | —»
2 4 O 2
% 9x

(23)

vhere ¢ is the diffusion coefficient of the trunca-
tion errors and c is the local sound speed. We
have neglected the BZE/BxZ term in Eq. (4); as we
ghall see, it is a higher order term in the TEC
If £ = 0 in Eq. (1), the FDE is

In the original version of ICE, a

algorithm. ungtable
whenever ¢ < 0.
constant global artificial mass diffusion coeffi~
cient £ 2 0 is used to stabilize the algorithm. It
is necessary to choose £ large enough that £ + =0
for all cells at every time step, and so a large
amount of global diffusion is needed to stabilize
many problems. Because the diffusion term is explic-

it, a necessary condition for stability is

o<z ox . (24)
Artificial viscosity plays a similar role in the
momentum equation and imposes a separate require-
to Eq.(24).
cial diffusion parameters stabilize the algorithm,

ment apnalogous Although these artifi-~
they decrease the accuracy of the solution and
introduce time step limits that can be so small as
to preclude the solution of some problems.

The basic idea of the TEC algorithm is to re-
place the artificial diffusion parameter with a
variable £(x,t) which is chosen so that it locally
cancels the destabilizing effects of diffusion
truncation errors. Consequently, much less diffusion
is needed for stability (often several orders of
magnitude less in parts of the mesh), and so ac-
curacy is improved and diffusional time step limits
are relaxed.

The first step in deriving a TEC scheme is to
evaluate algebraically the diffusion coefficient Z.

Expansion ylelds a result of the form

2
2 [ 2 3% _3%pf, 3
™ <5 ax>+caxz ax \ & 3x

+i<cée_2§§e

30, 3(pu) _
ot 9x

3% \% 3x)” Bx x (25)

The algorithm for carrying out the expansion gives
the nonconservative form é&% , but we convert it
to the conservation form :Lnax the right-hand side

of Eq. (25). In some cases, usually in the momemtum

equation, %% will contribute additional diffusional




errors that should be included in TEC as discussed

by Rivard et al. 1In our continuity equation,

however, %5 does not produce additional diffusional
3 the 25 20

errors, and the 3% Bx truncation error is neglected.

In order to obtain an improved FDE, Eq. (23) is

differenced to yield

= (20-1) 3t
= (26-1) 5

C1-3 [(“2-%5)2 * % ® + ci-—l)]

§x ., n_ n
-3 (ui+45 ui_3/2) . (26)

Next we choose

~(1+8) Ci-—% if ci_% < 0

-(1-B) &y, if g, >0

1%

which is then incorporated in the finite difference
(1). The constant B, 0SB <1, is a
free parameter that determines the degree to which

form of Eq.

the diffusional truncation errors are cancelled. If
8 is too small, the FDE's will have so little diffu~
sion that dispersively generated ripples destroy
accuracy. If, on the other hand, B is too large,
unnecessary artifical diffusion reduces the accuracy
of the solution. The optimum value of 8 is problem
dependent and must be found by trial and error. In
practice, B = 1 is frequently an adequate value.

Although the derivation of the diffusion errors
for the TEC scheme requires extra work, the modified
FDE's yield substantially better solutions. TEC has
been installed in several programs, and the scheme
works well except in problems with very strong shocks
where higher order errors are significant. We now
briefly compare several TEC and non~TEC solutions in
order to show the advantage that may be expected
from using TEC.

Consider Fig. 3, which shows the run of density
for three one-dimensional shock tube calculations,
as well as the analytic solution. The initial condi-~
tion is a 5:1 pressure and density jump at cell 90.

All solutions coincide at the left and right bound-

aries; the solutions have been displaced vetrtically
for clarity. The bottom curve is the analytic'solu—
tion. The top solution is an artificial viscosity
solution with nearly the minimum diffusion needed
for stability. The right density jump 1is a shock

wave, and the left discontinuity is a contact sur-

The

face. Both discontinuities move to the right.

shock is smooth, but the contact surface has disper-
sively driven ripples behind it. TEC.with the same
viscosity u as the conventional method,was used in the
second solution from the top. The shock is unchanged,
but the ripples behind the contact surface are stron-
ly damped. The third numerical solution is also TEC
run, but the viscosity is reduced by a factor of ten.
The shock is significant sharper, but it shows a
little overshoot. The first peak behind the contact
surface is as high as in the artificial viscosity run,
but the damping behind the contact is much stronger.
The artificial viscosity scheme is unstable with this
little viscosity.

The TEC algorithm readily generalizes to multi-
dimensional flows. As an example, consider a Méch
0.1 wind blowing over a pair of walls as shown in
Fig. 4. Shown there are the velocity vectors and
isotherms of a TEC solution obtained from the two-
dimensional RICE program.7 The comparison solution
with normal artificial viscosity stabilization was

obtained with 100 times as much viscosity, because

*10
S
8
7 £=0.8,u*1.0
» 6
% 51 \. TEC =01
S 4l Analytic
3
2
i
ol Lt 1ttty b1l L 1 1
(¢} 20 40 60 80 100 120 140 160 i80
Cell Number
Fig. 3. One dimensional shock tube calculations.

All four solutions coincide at the left and
right ends, but the three numerical solu-
tions have been displaced vertically for
clarity.




the conventional method was unstable with less
viscosity. The two velocity solutions are similar,
although the TEC solution shows more shear in the
vortex, and the weak Helmholtz instability in the
upper right quadrant is somewhat stronger, an indica-
tion that viscous forces are relatively small in this
problem. The isotherms, however, are much different.
The TEC solution shows steeper gradients across the
vortex, because there is less diffusion and less
viscous heating in the energy equation.

Experience indicates that TEC is quite general
in its range of applicability and that it provides
significant improvement in the accuracy of numerical
fluid dynamlics calculations. The use of ALTRAN to
compute the TEE's is proving to be extremely helpful.

IV. SUMMARY
We have shown that the Taylor series expansions
needed for Hirt's heuristic stability analysis can

be easily generated by a program written in a comput-~

Specific Internal Energy

TR E Wi
R
AN NS

Truncation Error Cancellgtion

Velocity Vectors

Truncation Error Cancellotion

Artificial Viscosity

A two-dimensional flow with and without
TEC. The TEC run has 1% as much viscosity
as the artificial viscosity run. A Mach
0.1 wind enters the mesh across the upper
half of the left boundary, and it leaves
across the upper half of the right bound-
ary.

Fig. 4.

er algebraic language such as ALTRAN. The truncation
error expansions have proved quite useful in choos~
ing optimum finite difference equations, in deriving
some necessary conditions for stability, and assist~
ing in the design of truncation error cancellation
algorithms. The ability to derive the truncation
errors automatically is essential for all but the
simplest difference equations. The extension of
these codes to include more dimensions 1s straight-
forward, and present computers are adequate to
handle many problems of interest. We expect the

use of such algebraic computations to increase and
become a much more important part of numerical
analysis as algebralc systems become more common on
large computers and as potential users become famil-
iar with the language and come to apprecilate the
potential of algebraic systems for accurately and

quickly solving massive problems.
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APPENDIX A
THE EXPANSION CODE LISTING

This appendix gives instructions for running
the code that computes the Taylor series expansions,
This

particular problem was run on a CDC 7600 under the

a listing of the code, and a sample problem.

CROS operating system using the LCM version of
ALTRAN.

Lines 19 through 27 provide the input for this
run. RORD and TORD are the maximum orders of the
expansions in 8r (denoted by DR) and &8t (denoted by
DT), respectively. This run expands the difference
equation (2) for the differential equation (1) using
the subscript notation for derivatives and the expan-
sion PROCEDURE TE described in the text. DERMOD is
the time derivative we want to eliminate using the
second code, and it is not limited to a first deriv-
ative in time. For example, DERMOD = RHO(1l,2) would
be appropriate for pxtt = Ap + Bpxx. DE is the dif-
ferential equation, where we have represented § by T
in this run. Note that we have shifted the term on
the right-hand side of equation (1) over to the left-~
hand side so DE = 0. This must always be done for
both DE and the finite difference equation FDE. 1In
FDE we have represented 8 by Gl. Note that we have
not followed our own advice in the text concerning
the efficient use of TE. This problem is small
enough to easily run on the LASL LCM version of
ALTRAN, but we would have to be more careful with
memory utilization with the SCM version or with lar-
ger problems. It may be necessary to break large
problems into pieces and run them separately. For
example, the diffusion term could be deleted from DE
and FDE and then computed by itself on a second run.

Most of the output is intermediate results that
are sometimes useful if the run terminates abnormally.
The final results are printed after the message
“CONSTRUCT THE MODIFIED EQUATIONS." The modified
equation is given by DERMOD = NUMER/DENOM, and the
output beginning with RORD is punched from logical
unit 25 by the computer as input for the time deriv-
ative elimination code.

In lines 38 and 39, the code checks for the
possible existence of errors of order Gr—l and/or
Gt—l and prints a warning message if appropriate.
Some difference equations, such as equations (15)
and (16a), will trigger a fictitious warning. How-

ever, the truncated power series package cannot han-

10

dle an error of negative order, and the code will
terminate abnormally after the warning message is
printed. One example is the Lax method for the diffu-

sion equation:

2

DE = %% -p 21
X
= T(0,1)~DIF*T(2,0) (Al)
and
n+l n n
FDE = [T} (Ti+l + Ti_l)/Z]/Gt
n n n 2
= DITy,, =~ 2T, + T, o 1/6x (A2)

= (TE(T,0,1) ~ (TE(T,1,0) + TE(T,-1,0)/2)/DT
~DIF*(TE(T,1,0)~2*T(0,0) + TE(T,-1,0))/DR**2

Lines 33 and 34 contain a possible trap for the
unwary user. The use of relations such as RP = R+DR/2
for equations such as Eq. (l6a) can simplify the input
phase. The user may find other useful substitutions,
and these were left in the code as examples of sub-
stitutions that we found useful in our test runs.
These statements must be removed or replaced before
RM and RP can be used for another purpose.' A similar
situation exists for line 55, where Fl and F2 are
used as ratios of widths of adjacent cells for cases
where 8r is not constant. That is, FDE may be a (at
most) four-point difference scheme over three cells
of widths DR, F1*DR, and F2*DR, with the order being

chosen by the user.
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ALTRAN VERSION 1| LEVEL 9

LASL Code: LP 0770

PROCEDYRE MAIN # TRUNCATION ERRDRS OF DIFFERENCE EQUATTIONS,

EXTERNAL INTEGER 0RDz6

INTEGER M=31, NzORD

INTEGER RORD, TOPD

LONG ALGEARAIC (nRsgM, NTeM, RiM, P(AIN,AIN)SXP(N), T(AIN,ALIN)3XP(N),
PHI$M, THETAgM, RPIM, RMgM, GigM, G2tM, DIFgM, LAMEM, FigM, F2:M,
TIMEM, U(AIN,PeN)sXP(N), RHO(AIN,ASN) IXP(N)) ARRAY DETPS, FDETPS,
TFR, CONTPS

EXTFRNA{ ALGEBRAIC DNR=DR, ONT=DT, LAM2=|AM

LONG ALGERRAIC FnE, DE, PERMDD, NUMFR, DENOM

LONG ALGERRAIC ARRAY MQDEQ

ALTRAN INTEGER ToSORD

ALTRAN SHORT INTFGER ARRAY XP

ALTRAN ALGERRAIC TE, TPSEVL

ALTRAN ALGERRAIC ARRAY TPS, TPSMUL, TPSSRS, ARRSRS, TETPS, TPSCHOP

e ® « « m ®w INSERT INPUT IN THIS INITIALIZATION RBLOCK & = « = « = =

RORN = 2 1 THRD = ¢

DERMDD = RHO(Q, 1)

NE = RHO(A,1) ¢ RHOCL,A)xLI(A,A) + RHO(A, M) x(1,R) = T(A,»)*RHO(2,R)
TL1,@Y*RHD(1,9)

FOE = (TE(RHD,P,1) « RHO(P,®)) / DT + GI+((TE(RHO,1,1) ¢ TE(RHN,P,1))
TECU,1/2,1) = (TE(RHO,P,1) ¢ TE(RKOs=1,1)) * TE(U,~1/2,1)) / (2%*DR)
(1=6G1) = ((TE(RHND,1,R) + RHO(@,m)) * TEC(L,1/2,R) = (TE(RHO,=1,0) +
RHO(?,M)) * TE(U,=1/2,R)) /7 (2%xDR) = (TE(T,1/2,8) * (TE(RHO,1,d) =

RHO(Q,?)) = TE(T,=1/2,A) % (RHO(A,D) = TE(RHN,=1,R))) / DRxx2
WRITE DERMND, DE, FNE, “YEND PHASF ONE"

FDE = FDE (RP, RM = R4NR/2, RwDR/2)
NF = DE (RP, RM¥ = R+DR/2, R=DR/?2)
FOF = FNE (NR, DT = LAM*DR, | AMxDT)

CHECK FOR TRIJNCAYION ERRDRS NF NEGATIVF ORDER
MUMER = ANUM (FDF, DFNOM)

1F (DEG(DENOM,LAM) GT,.0d) WRITF FNF,"MAY ABORT D)E TO NEGATIVE DRNER ERRORY

NUMER = @ ¢ DENOM = 0

CONVERT DE AND FDF TO TRUNCATED POWER SFRIES

DETPS = TPS ( DEtNPR,DPT = DR+LAM,DTxLAM), LAM, 0ORD)
FDETPS = TPS (FDE, LAM, DRD)

FPE = 9

WRITE DETPS, FDEYPS

REGIN REDUCTION 0OF ERRORS

+ »



T

> FDETPS = TPS (TPSEVL(FNETPS,LAM), LAM, IMAX(RNORD,TDRD))
h 1 FNETPS = TPSCHOP (FNETPS, RORN, TNRD)

52 DETPS = TPSCHNP (DETPS, RORD, TORD)

53 WRITE FNETPS

S4

59 CONTPS = ARRSAS (FNETPS, (F1,F2), (1,1))

56 TER = FNETPS = TPS (TPSEVL(DETRPS,LAM), LAM, TPSORD(FDETPS))
2: WRITE FNETPS, CONTPS, M"TER WITH ALL TIME DERIVATIVES®, TER
59 # COMPUTE AND PUNCH MNNIFTED FAUATION

Y WRITE "CONSTRUCT THE MONIFTFEN ENUATIQON®

61 MODER = TPS (DEF, DERMON, NEG (DE, NDERMODN))

he 1F (MDDFR(1).EN.A) FRFTURN , BINCNRRECT NERMODY

h3 NUMER = ANUM ((MNDER(1)*DFRMOND=NF=TPSEVLITER,1))/MODEQ(L), DENOM)
Y

65 WRITE RNRD, TORN, NUMFR, DENOM

b6 WRITF (2%5) RORD, TORP, DERMOD, NUMER, DENOM

67

h8 END

NAME /EXTNAME USE TYPE STRUC PREC CLASS SCOPE OB LAY ADDR
CONTPS VAR ALG A L Lave
DETPS VAR ALG A L LAy
DIF IND ALG Lx9a1
nR IND ALG Lx201
nt IND ALG Lx20y
FDRTPS VAR ALG A L L2001
Fi INO ALG L*x00a1
Fe INO ALG L*@0
G1 IND  ALG LxAR1
Ge INO ALG Le@Al
LAM IND ALG Lx00@1
PHT IND  ALG L*x@601
RM INO ALG Lx@0A1
RP IND ALG L*B0a1
R IND ALG Lx0@1
TER VAR ALG A L L*x2A Y
THETA IND  ALG LxAR}
TIM IND ALG LxAA1
p IND ALG A L*xQ@1
T IND  ALG A L0081
U IND A6 A LaB@ 1
RHO IND ALG A Lx@@1
ANHM/S9ANUM PRNC ALG L S X

ARRSBS PROC ALG A L S X

ODR VAR ALG S X

poT VAR ALG S X

DFG/S90EG PROC INT S X

NENOM VAR ALG L

DERMOD VAR ALG L

NE VAR ALG L

FNE VAR ALG L




IMAX/SQIMAX PROC INT L S X
LaMe VAR ALG S X
MAIN PROC (N S X
MODEQ VAR ALG A L

“ VAR INT

NLIMER VAR ALG L

N VAR INT

ORD VAR INT S X
RORD VAR INT

TETPS PROC ALG A L S X
TE PRNC ALG L S X
TORD VAR INT

TPSCHOP PRNC ALG A L S X
TPSEVL PROC ALG L S X
TPSMUL PRDC ALG A L S X
TPSQORD PROC INT L S X
TPSSARS PROC ALG A L S X
TPS PROC ALG A L S X
XP PROC INT A S X
Lx0R 1 LAY

CONSTRUCT THE MODIFI CONS CHAR S

FND PHASE ONE CONS CHApR S
INCORRECY (QERMOD CONS CHAp S

MAY ARORT NUE TN NFG CONS CHAr S

TER WITH ALL TIME DE CNNS CHAR S

a CNNS INT S

1 CONS INT S

?5 CNNS INTY s

2 CNNS INT S

L} CONS INT S

6 CONS INT S

ALTRAN VERSION 1 LEVEL 9

PRNCEDURE TE (A, AX,AT, B,BX,RT, C,CX,CT, N,0%,N0T)
# 2«0 TAYLOR SERIES FYXPANSION OF THE PRODUCT AxBxCxD

VALUE A,AX,AT, B,BX,RT, c,cx,Cr, n,DXx,NT
LONG ALGERRAIC ARRAY A,B,C,0

LONG ALGEBRAIC AX, AT, BX,BT, cx,c1, DX,DT
ALTRAN ALGEBRAIC ARRAY TETPS

ALTRAN ALGERRATIC TPSFVL

RETURN ( TPSEVL(TFTPS(A,AX,AT, 8,8%x,87T, C,CX,CT,

W= B 0D NE W~

P

END

D,0x,NT3,

1)

)




Y1

NAME/EXTNAME

AT

AX

A

AT

BY

B

cr

cx

o

nt

nx

)
TETPS
TE
TPSEVL
1

ALTRAN VERSION 1 LEVEL 9

— s s e
EWN =D OBNOU &WN -

END

NAME/EXTNAME

AT
AX
A

BT
8X
R

cT
cx
¢

DT
X

1JSE

VAR
VAR
VAR
VAR
VAR
VAR
VAR
VAR
VAR
VAR
VAR
VAR
PRNC
PROC
PROC
CONS

VALUE A, AX,AT,
LONG ALGERRAIC ARRAY 4,B,C,D
LONG ALGFRRRAIC Ax,aT,
ALTRAN ALGEBRAIC ARRAY TETPS,TAYLODR,TPSMUL

YySE

VAR
VAR
VAR
VAR
VAR
VAR
VAR
VAR
VAR
VAR
VAR

TYPE STRUC PREC CLASS SCOPE

ALG
ALG
AL 6
ALG
ALG
ALG
ALG
ALG
ALG
ALG
ALG
ALG
ALG

ALG
INT

B.8x%,87,

L
L
A L
L
L
A L
L
L
A L
L
Il
A L
A L
L
L

8X,RT,

c,Cx,

MU XN CCCCCCCCECC <<

nwLnwn

# 2w0 TPS TAYLOR SERIES OF THE FRODUCT AaBaCsD

cT, D,NX,NT

cx,CT, hX,ny

IF (NULL(R}Y) RETURN ( TAYLOR(A,AX,AT) )

RETURN ¢TPSMUL(TAYLDR(A,AX,AT), TETPS(R,RX,BT,

TYPE STRUC PREC CLASS SCOPE DB

ALG
ALG
ALG
ALG
ALG
ALG
ALG
ALG
ALG
ALG
ALG

-3
fFrrrCCrrrrorrr

CcCCCcCccs<c << <

nB

LAY

PROCENDURE TETPS (A,AX,AT, B,RX,RT, C,CX,CT, N,DX,DT)

c,Cx.CT,

LAY

ADOR

D,0X%,07)) )

AODR
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n VAR ALG A L v
NULL/SONULL PROC LOG S X
TAYLOR PRNC ALG A L S X
TFTPS PROC ALG A L S X
TPSMUL PROC ALG A L S X
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ALTRAN VERSTON 1| LEVEL 9

PRNCEDURE TAYLOP (F, A, R)
# 2«0 TPS TAYLOR SERTES OF THE VARIARLE F

VALUE F, A, B

EXTERNAL ALGERRATIC NDR, NOT

EXTFRNAL INTEGER Nan

INTEGER 1, J

LONG ALGERRAIC A, R

LONG ALGEBRAIC ARRAY F

LONG ALGERRAIC ARRAY(M$ORD) TAY=(F(Q@,R), ORDSQA)

INTFGER ARRAY(A:1Q) FACT=(1.1:2:6.?“.1?9.72“:5@0“.“&32“:3628R0,362889?)
INTEGER ARRAY(2:12) (NF=(1,1P%n)

IF (A.ER,®) DO 4 OIFF W,R,T, T
IF (B,EG.P) PETURN (TAY)
Do I=1,0RN
TAY(I) = (R+nDT)axI2F (A, 1) /FACT(I)
ONEND
RETURN (TAY)
NOEND
IF (B.ER,M) DO # DIFF W,R,T, R
DN I=1,0NRN
TAY(1) = (ADPDR)I*aI&F(I,RA)/FACT(])
DNEND
RFTURN (TAY)
00END
Ph 1=1,0RD # DIFF w,R,T, R AND T
no J=1,1,=-1 1 COF(J)=COF(J)+COF(.Je1) t DODEND
no J=o,1
TAY(?) = TAY(I) + COF(J)#(AsDPRI*#*J2(B2DODT)x([=J)%F(J, [=J)
DNEND
TAY(T) = TAY(IY/FACT (D)
NOEND

RETURN (TAY)

END




91

NAME /EXTNAME ISE  TYPF STRUC PREC CLASS SCOPE DB LAY  ADDR

TAY VAR ALG A L Dx0A 1
FACT VAR INT A Drap2
COF VAR INT A Dre@3
A VAR ALG L v

R VAR ALG L v

DDR VAR ALG S X

DT VAR ALG [ X

F VAR ALG A L v

1 VAR INT

J VAR INT

ORN VAR INT S X

TAY|{ DR PRNC L S X

NtAN1 :)

DxAA2 nR

D*AR3 DR

2 CONS INT S

10 CNONS TNT S

120 CNNS INT S

1 CNNS INT S

24 CONS INT S

2 CONS INT s

3628800 cCOMS TINT S

362880 CONS INT S

upz2e CONS INT S

SA4R CONS TNT S

6 CONS INT S

729 CNNS TINT S

ALTRAN VERSINN | LEVFL 9

1 PROCEDURE TPSCHOP (A, RORD, TNRN)

2

3 4 CHOP THE P«D TPS Tn ORDFR® RORN IN DR AND TO DRPER TORD IN DY
4

S VALIIF A&, RORD, TNRD

6 EXTFRNAL ALGERRAIC DDR, 0NOT, LAM?

7 LONG ALGFRRAIC APRAY A

A INTEGER I, RNRND, TARD, NRN=TPSQRN(A)

9 ALTRAM ALGFRRAJC ARRAY TPS

16 ALTRAN ALGERRAIC TPSEVI

11 ALTRAN SHORT INTEGER TPSORD

12

13 NN 1=, NRN

14 ACI) = TPSEVL (TPS(A(I),NNR,RNRD), DDR)
15 ACI) = TPSFEVL (T®S(A(1),DNT,TDRD), DDT)
16 NNEHD

17

18 RETYRN (&)

19
A END




LT

NAME/EXTNAME IISE  TYPF STRUC PREC CLASS SCOPF nNA
A VAR ALG A L v
NOR VAR ALG S X
noT VAR ALG S X
1 VAR INT

LAMP VAR ALG s X
ORD VAR INT

RORD VAR INT v
TORD VAR INT v
TPSCHOP PROC L S X
YPSEVL PRDC A{G L S X
TPSORD PROC INT S X
TPS PROC ALG A L S X
a CONS INT S

ALTRAN VERSION | LEVEL o

Lavy

LAY

ADDR

ADDR

1 PROCEOURE ARRSBS (A, LHKHS, RHS)
2
3 ¥ SUBSTITUTE THE LIST RHS FOR THE LIST LHS IN THE {e«D ARRAY A
4
5 VALUE A, LHS, RHS§
b LONG ALGERRATIC ARRAY A, LHS, RHS
7 INTEGFR ARRAY DR=NRINFO(A)
8 INTEGER 1
-]
10 N0 1=0R(1,™,DB(1,1)
11 AC1) = A(])(LHS=RHS)
12 DOEND
13
14 RETURN (A)
1S END
NAME/EXTNAME {JSE  TYPF STPUC PREC CLASS SCOPF 0B
ARRSBS PROC L S X
A VAR ALG A L v
DBINFO/S9DBIN PROC INT A S X
(p]:] VAR INT A
1 VAR INT
LHS VAR ALG A L Vv
RHS VAR ALG A L v
(=] CNNS INT S
1 CNNS INT S
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ALTRAN VERSION | LEVFL 9

PROCFDURE XP (N)

VALLE N

INTFGER 1, J, N,

INTEGER ARRAY(PsN,IN) FXP=y

D0 1=@,N
Do J:VIN'I
CEXP(I,J) = 7
00END
DOEND
11
12 RETURN (EXP)
13
14 END
NAME /EXTNAME USE TYPF STRUC PREC CLASS SCOPEF DB LAY ADDR
ExP VAR INT A Nxaey
1 VAR TNT
J VAR INT
N VAR INT v
Xp PROC L ] x
0xPQ1 nA
2 CNNS INT S
1 CONS INT S
v CONS INT S
# DERMDD
RHD(@, 1)
¥ DE
o ( Y(R,R)QRND(Z,R) * T(llB)QRND(l'O) - U(R,R)QRND(X,B) - U(I,O)QRND(F,O) = RKO(O,1) )
# FOE

t 6-0R--ln-0?ncltu(5:l)-RuD(ole) + 3t0Rtt19tDY-G)tU(b,e)tRND(S:l) ® DRwa1@eT (6, M) eRHD(6,R) + 6#DRaw102U(S,n)*RKD(6,0) ¢
3#DR*#1@2U(b, M) RHD(S,d) o 8P#DRewBaDTaa3aG1aU(3,3)#RHD(S,0) o 1804DR*#84DTwa3aG10UCG,2)«RHD(S,1) ¢ 9P#DReaBeDToa3aG1aU(S, 1)n
RKD(4,2) ¢ ln-nﬂ--a-DY-.S-G)tn(6,0)-RND(3,3) ¢ 2UBeDR#wBADT#420G1aU(3,2)*RHD(56,0) ¢ 3on-oR--a-Dr--2-51-U(u,1)-aun(5,1) *
lan~on--a-or--é-51-u(u,é)-nuo(s,e) * 9a.nn-.n.or.az.51.u(s,n).Run(u,Z) * laa-nﬂnoa-oT--2-51-U(5,1)-RND(G:1) ¢ 302DRweBaDTaa2e
G1aUC6, A *RHD(3,2) + UBA*DRaBaDTHGI*U(3, 1) #RKN(H,0) o 36C*DRawBaDT#G1#UCU,A)«RHD(S,1) o lbeﬂnﬂttB-DYtGl'U(ﬂ:l)tRND(S,B) *
15n-na--a.nr-ci-u(5,n)-RNn(a,l) ¢ 1804DR#e84DTHGIAUCS, 1) #RKOCL, Q) o 6P*DRAAMDTAGIaU(H,B)4RHD(3,1) » 120+DRw#BeT(4,Q)e

RHO(6,P) = T24DRaaBeT(S,n)eRHD(S,Q) = 3P%DRa#B8aT(6,0)#RKD(G,08) ¢ G8P*NRe*82U(3,B)*RHD(H,0) + SOO'DRttBtU(U,0)'9“0(5,2) +

18P£DR%eB8aU(S,P)*RHD(4,n) ¢ CACDRINAYU(H, M) 4RMD(3,0) o Qb#DReebaDTanSaGLoUCL,5)eRNC(H,8) + 72E'DR--6-DY--5-GI-U(Z,d)-aun(s,l) .




6T

120PeNRaw6aDTaaSeG1oU(3,3)4RKD(U,2) ¢ 60PaDR Y 2b2DTReSaGIaUCE,2) aRHD(3,3) ¢ 90aDRa#6aDTeaSaG1aU(S, 1)aRKD(2,4) ¢ 3a¢DRee#paNTenaSe
G1#UC6, 0INRKD(1,5) ¢+ UBAeNRespaDTaauUsGIaU(1,d)*RHD(6,R) + 288N4DR*abaDT#ausGIoU(2,3)4RHD(S,1) ¢ 7204DRanbaDTaeGaGioU(2,4)
RKD(S,8) ¢ 36PPwDResbaDTealeGioU(3,2)eRHD(U,2) ¢ 2UPPaDRaeb#DToelaGIoU(3,3)eRKD(G, 1) o 120P«DRuebaDT#ednGiaUCU, 1) oRHC(3,3) ¢
16P0aNRanbaDTaaynGloU(G,2)*RHD(3,2) ¢ 9@-09--6-DY'-0'51-U(5,ﬁ)'RND(Z,U) ¢ 360aDRaeb64DTaednG1oU(S, 1)0RK0(2,3) ¢ 1SeDReebaDTange
GI*UCb,R)YRKD(1,4) ¢ 19204DR2abaDT#a3eGiaU(1,3)#RKD(6,0) ¢ B86UCNDReabaDTHa3eGlaU(2,2)4RFD(S,1) ¢ 288@A4DReabaDT#a3aGIaU(2,3) ¢
RHD(S,8) ¢ T20AaDRaabaDTHa3aGIoU(3,1)eRHOCE,2) ¢ T2ARIDRN«6aDT#a3aG12UC3,2)aRKO(U, 1) + 2UAAWDR* 262 DTea3aG1oU(3,3)#RHC(4,0) ¢
12APeDRewpaDTaa3aGL12UCY,0)4RHD(3,3) ¢ 36ARNRenbaNTea3aGloUCY, 1)4RKD(S,2) + 360P%0ReapeDTae3aG1oU(G,2)¢RKD(3,1) ¢
3604DRww64DT#210G14U(S,A)#RHD(2,3) + 1@RAXDR*abhaDTaa3aGieU(S, 1) 4RKD(2,2) ¢ 60aDRas6aDTRa3aG1oU(6,0)4RKD(1,3) ¢
STOAsDRa*6aDTwa2eGIoU(1,2)#RKD(6,A) ¢ {T728AaDReabaDT#a20G10UC2,1)*RKD(S, 1) + B6UPWDRawbeDToa2eGlaU(2,2)#RKD(S,0) +
T2024DRaepeDTan2eG1oU(3,0)wRKOCU,2) ¢ 14UPRDRWE#DTHe24G1eU(3, 1)aRHD(U, 1) ¢ T200#CRanpeDT#a2eG1aU(3,2)0RKD(4,0) +
36PA4DRaw64DT#e24G14U(U,B)#RKN(3,2) ¢ T200#DRenbaDTee2eG1oUCU, 1)aRKD(3,1) ¢ 360A«0DRenb6alCTee24G12UC4,2)*RKD(3,E) ¢
17B@aDR##6a0T#a20G14UCS,A)4RRD(2,2) + 216A*DR*ab#DT#224G14U(5,1)#RKD(2,1) ¢ 18P#DRewbuDTaa2aGsUCH, W) #RHD(1,2) ¢
115204DRe w6 aDTHG1oUC1, 1)¥RKD(6+P) ¢ 1728PaDR*wb4DTeG1aU(2,8)4RHD(5,1) + 1728A#DRanbaDTaGIsUC2,1)*RKD(S,0) + 144Q@*DRe b2 DTG A

UC3,@)#RKD(Gs 1Y 144PANDRA#6aDT#G1aUCS, 3)#RHD(U,A) ¢ T20P4DRawpaDT#G12U(G,0)4RKD(3,1) ¢ 720A«DR##6aDTwGioUCY, 1)4RKD(3,0) +
216A«DRewbeDTeGIaU(S,A)aRKD(2,1) ¢ 216N*DRwa6aDT2G1oU(S, 1)#RND(2,8) ¢ 36@2sDRenbaDT2G1aU(6,B)*RHD(1,1) » STH@DRer6eT(2,0)s

RHD(6,0) @ ST6PalRaabeT(3,8)4RKD(S,0) - 3600#DRavb6aT (U4, @)*RKD(4,0) o 144P*DR*wb6aT(S,2)*RKD(3,08) » 36@+DReebaT(6,8)eRhD(2,0) +
llSZFtDRttbtU(i,B)'RND(h:G) ¢ 17282«DReebalU(2,2)*RKD(S,0) ¢ 144NQADReebaU(3,0)2RKD(E,0) ¢ T72000DReabeU(U,B0)«RKD(3,0) ¢
21604DRe262U(S,B)2RKD(2,0) + 3684DRawbalU(6,0)4RHD(1,8) ¢ 19240RwelaDTaeTaG10U(O,6)#RKO(5,1) ¢ 14UB*DReadsDToaTaGlaU(1,5)n
RHD(4,2) ¢ 24R2aDRunlUnDY*aTaGLaU(2,4)#RKD(3,3) ¢ 12¢RaDR*wUaDT#aTaG1oUC3,3)«RHD(2,4) ¢ 18@aDResurDTaaTaG1eU(L, 2)¥RHOCY,5) +
124DRayaDT#274G1oU(S,1)*RHD(@s6) ¢ 115200Re#yaDTwebaG1aU(A, SIVRKD(S,1) ¢ 1924DR##GeDTaebeG1oU(Y,6)aRHD(S,Q) +
T20@aDR4*UaDToapaGIoU(1,U)*RHD(4,2) ¢ 288A*DR#esueDTaheCleU(1,5)#RKDCU,1) ¢ 96@PDRwaysDTanbaGloU(2,3)7RKD(3,3) ¢
T2PAaDRa«uaDTaupaG10UC2,U)#RKD(3,2) ¢ 36PP2DRwaueDTwabeaGInU(3,2)7RHDC2,4) ¢ 4BBLDR®wUCTanbnG1aU(3,3)2RKD(2,3) ¢
360aDRwadaDT#eb6aG18U(U, 1) eRKD(1,5) ¢ 9APDRA#UaDTa0baG1aU(G,2)*RKD(1,04) ¢ 124DR2sUeDTaapeGleU(S,2)4RKD(Ps6) ¢ T24DRA*UADTatbs
G1#UCS, 1)#RKD(A,5) ¢ ST60eDRaaleDTeaSeG1aU(R,U)eRKD(S,1) ¢ 11524DRaeUaDT#eSeGIoU(R,5)aRHD(S,B) ¢ 28800wDRawyaDTeaSaGLaU(1,3)n
RHD(G,2) ¢ 14UPAaDR*2GaDTerSaGIoU(1,4)#RHD(U,1) ¢ 288C2DR#eUaDT#2SaG1aU(1,S)*RKD(4,R) ¢ 288A0aNDReaUaDTeaSaG10U(2,2)#RKD(3,3) ¢
28AAPeDR##ysDTaaSeG10U(2,3)4RHD(3,2) ¢ 1UUBRRDReeUSDT#eSeG1aU(2,4) #RKD(3,1) ¢ 720PaDRa#4aDTaaSaG1eU(3, 1) #RKD(2,4) ¢

14UPAeDRO e yaDTeaSaGIvU(3,2)0RHD(2,3) ¢ 1440A*DRA*USDTaaSaGLaU(3,3)aRKD(2,2) ¢ lbﬂtnnnaanoiﬂtsnﬁlnu(U,F)-RND(1,5) +
18PA*DRe#UaDT#aSaG12UCU,1)4RHD(1,4) ¢ 36AASDReaUsDTweSeGInUCU,2)2RKD(1,3) ¢ 72'09"0'0Ytt5'Gl'U(5;ﬂ)tRND(F,S) *
360#0RaalaNT*aSeGoUCS, {)4RKD(B,4) + 23AUP*DRweu*DTHeuaGLoU(R,3)aRHN(S,1) ¢ ST6@aDRenyaDTaausGIaUCR, 4)*RKD(S,08) ¢
B86UANEDRe#GaDTwadnGloU( 1, 2)#RKDCU,2) + ST6APADRewUsDTawyaGIoUC1,3)aRND(U, 1) ¢ 1UGARADRAeUsDT#oUeG1oU(1,4)4RHD(4,R) o
ST60ReNRaaUDT#ayaGLIoU(2,1)4RKD(3,3) ¢ B6UANNDR4#BeDTawusGIaU(2,2)4RKD(3,2) ¢ STEACEDReausDTwaUaGIaUC2,3)*RHO(3,1) +

LU400.DR 2 UeDT2UeGIoUC2,4)#RKD(3,0) ¢ T2000DR*+4eDTealeGioU(3,8)4RKD(2,4) ¢+ 28AAPDReaGeDTaalsGlIoU(3, 1) *RND(2,3) +
U320PaDR*#UsDTRaUeGI*Y(T,2)0RKD(2,2) ¢ 288MANRenysNTaeuaGIoUC3, T)wRKD(2,1) ¢ 18AO*DReaGaDTo#UaG1oUCYU, @) *RKD(1,4) +
T7200AeNRaalaDTeaduG1oU(U, 1)eRKD(1,3) ¢ 1080AaDReaUsDTandaGIalI(U,2)4RKO(1,2) ¢ 36A«DRawUaDT#aawG12U(S, @) eRKD(B,4) ¢

14Ut DRe*UaDTRayaGIoUCS, 1) #RKD(B,3) + 6912PeDRweusDTaw3aGloU(2,2)4RKD(S,1) ¢ 230UPeDResUeDTan3aG1aU(R, 3)#RKD(5,0) ¢
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1728006 DRealeDTen3aBlaU(l, 1)aRAD(YU,2) ¢ 1728PNaDRewUCDTa03eG10U(1,2)%RKD(G,1) # STHPBaDRe#ysDT#a3aGioU(1,3)#RKD(L,0) ¢+
ST6ARADRWAUADTweS#C1aUC2,P)4RKD(3,3) ¢ 17280PA«DRwaUaDTwaleG[#l1(2,1)#RKHD(3,2) ¢ 1728RCeDRaaUaDTen3eG10U(2,2)*RKD(3,1) ¢
S760%e0RwadaDTae3aG1oUC2,3)eRHD(3,2) ¢ 28R0A«DRa#UaDTan3aG1oU(3, M) sRHD(2,3) ¢ BHUCCHDR##daDTea3aGIaU(3,1)0RNHD(2,2) ¢
BAUAPADR N a2aDTaa3aG10UC3,2)eRHD(2,1) ¢ 2RANEHNRA®USDTwe3aG1#U(3,3)4RKD(2,0) ¢ T28@#DRxausa" *G1eUCU,B)*RKD(1,3) ¢
216002DR*wUaDTaa34G1oUCG, 1)4RHD(1,2) ¢ 21600#DRawUaDTan3aG1oU(G,2)#RHD(1,1) ¢ 140A*DRawyuDTaa3aG1aU(S,AI*RKD(B,3) ¢
432PwDRe*UaDTaa3aG1aUCS,1)#AND(@,2) ¢ {3B24AMDR#aUaDT#a24G1aU(R,1)aRND(S,1) ¢ 69122#DReeyaDT#a24G12U(0,2)4RKD(5,0) ¢
172R0AaDRw#uaDTaa20G12U(L, A)WRKD(U,2) ¢ 34S560ACDRGaDTwa20G1oU(1,1)#RKDCY,1) ¢ 1T28RAaCR#2uaDToa20G1oUC1,2)*RKD(4,0) +
172RAAADReelaDTaa20G10U(2,0)4RKD(3,2) ¢ 34S6ABaDRewUsDTHa24G1aU(2,1)4RHD(3,1) ¢ 1728RA«DR##uaDT#e24G)#U(2,2) *RKD(3,0) ¢
B86UAMaDR*2uaDTa24G14U(3,A)«RKD(2,2) ¢ 1728@A«DR*aUaDToe2eGI2UC3,1)#RND(2,1) ¢ BHUPRADRwwUaIT#w20G14U(3,2)#RKD(2,0) ¢
216PAeDR*4GaDTea2aG12U(U,@)4RKD(1,2) ¢ U32AU*DR2*UaDT#e24G12UCU, 1)aRHD(1,1) ¢ 216PReDReaunDT#224G1#U(L,2)#RKD(1,0) ¢
432PeDRanyeDTaa24G12U(S,B)#RIND(@,2) ¢ BHUBNDRweUsDT#a2eG1oU(5,1)#RKD(AB,1) ¢ 133280#DRawuaDTaGYoU(R,@)*RKD(S5,1) ¢
1382UPaDRaaUeDTaGI*UCA, 1)eRHD(S,B) ¢ 3US6POaDRawUsDTAG1aUC1, M) *RKD(U,1) ¢ 3456204DRexyeDTeG1*U(1,1)#RKD(U,8) ¢ 3U4S6@E#DR#w4eDT
G)*UC2,@)#RKD(3,1) ¢ 3USHEAeDR##UaDTAG1#U(2,1)4RNC(3,A) ¢ 17280@«DRa#yeDT#G1#U(3, M) *RKHD(2,1) ¢ 1728004DR*alaDTG1aU(3, 1)
RHD(2,@) ¢ 432PB#DR##UsDTaG1aU(d,0)#RHD(1,1) ¢ 43200aDRa#8eDTaG1aUCG,1)#RKD(1,8) ¢ BLUBWDR#«G#DTeG14U(S,8)#RKD(B,1) ¢
ALGNeDRa#yaNTaGI#U(S,1)aRHD(P, M) © UEARNADNRE*4eT(P,A)*RKD(6,0) = 13824R«DRw#uaT(1,P)#RKC(S,8) = 1728PA*DR*eyaT(2,A)eRKD(4,0) =
115200 sDRaadaT(3,0)sRKD(3,P) » U32PPaDRaeyaT(U, P)*RKD(2,0) = ALUBADR*sysT(S,M)sRHD(1,R) ¢ 13824PaDRewynl(@,0)*RHD(S,2) ¢
34S6M@aDRaaleU(1, AV 2RKO(U, ) ¢ 3uS6ABeDRa24eU(2,B) *RKD(3,M) ¢ 17280R«DResusU(3,C)#RKC(2,08) ¢ U32PP+DRewds*U(4,@)*RKD(1,0) ¢
B6UANDReLaU(S,A)«RKD(P, D) ¢ bUP*DR##2aDTa 490G aU(D,6)#RHD(3,3) ¢ {ULACDR*#2aNT#29aG1aU(1,S5)*RHD(2,4) ¢ T2ANDRea24DT#a9aGys
UC2,8)#RHD(1,5) ¢ 16B7DR*a2aDT#09aG1oU(3,3)aRKD(B,6) ¢ 38UNeDR*a2/DTo#B82aG10U(A,SIWRKD(3,3) ¢ 192P«DRea2aNTaedaGlaU(R,6)w
RHD(3,2) ¢ 72PAaDRan24DT#08aG1#U(1,4)eRKN(2,4) ¢ ST6BwDR#2eDT7eAaGIoU(1,S)#RKD(2,3) ¢ 288AaDR#*2aDT#aB82G1oU(2,3)#RKD(1,5) ¢
36NQeDRew2eDTeaReGIvU(2,4)#RKN(1,4) ¢ UBB#DR*#2eDTaeBeG1oU(3,2)*RKD(N,b6) ¢ 96A4DRw#24DTee8eG12U(3, 3)*RKO(R,5) ¢
1920PeDR*a2eDTaaTeG1oU(RrU)aRHD(3,3) ¢ 115204DRe22aDTeaTaGiaU(R,5)4RKD(3,2) ¢ 384PaDRea2aDTaaT7eG1oU(R,56)*RHD(3,1) ¢
2880PDR*w2eDTaaTaG1#U(1,3)4RKD(2,4) ¢ 28APADRA#2#DT##7aGIaUCY,8)4RKD(2,3) ¢ 1T728QeDRwe2aDT#oT74G1oU(1,5)*RKD(2,2) +
BLUANDR®2aDToaTaG1oUC2,2)#RKD(1,5) ¢ 14UBP*DR224DTeaTaG1aU(2,3)0RKD(1,4) ¢ {UUPRADRa#2aDTweTeG1aU(2,4)*RKD(1,3) +
960-09--2-DY'-5-G1'U(3,l)-nun(e,b) ¢ 2880aNR*#2aDTaaTaG1oU(3,2)#RKD(@,5) ¢ UBGO#DR*##2eDTaaT7aG1oU(3, 3)#RKD(R,4) ¢
750800aDP##24DTaabaG1oU(R,3)#RKO(3,3) ¢ S76AADR##2#DTwepeG1aU(O,8)#RKD(3,2) ¢ 230UReDR4#2eDT##baG1oU(R,5)4RND(3,1) ¢
384PeDRe#2a0TaabwGl1aUC@,6) 4RKD(3,B) ¢ B6UAARDR##240TawbaG1oUC1,2)#RKD(2,4) ¢ {15200 #DR#a2#DT#abaG1#U(1,3)#RKO(2,3) ¢
B6UBARDR*PaDTaa baG12Ul 1, U)4RKD(2,2) ¢+ 3U4SHR¥DRa#2aNTaapaGleU(1,5)#RKD(2,1) ¢ 17280 aCRee24DT#n64G1aU(2,1)#RKO(1,5) ¢
4320MaDR2#24DTwabaGI*U(2,2) *RKO(1,4) ¢ STEOPWDRa#24DTwepaG1ntI(2,3)0RKD(1,3) ¢ 432AQeDRea2#DT#ab2G1#U(2,4)#RKO(1,2) ¢
Q6UeDR#a20DTHapeGIaUC3,PIaRKD(P,6) ¢ ST6Ae0Rwa2eDTwwpeaGioU(3, 1) 4aRHD(A,5) + 1UUABeDRae2eDTaebaGInU(3,2)eRKD(A,4) ¢
192P@eNR#a 24D TwabaG1oUC3,3)#RNOCB,3) ¢ 23PUOC#DR*«24DTaa52G140(0,2)#RHD(3,3) ¢ 2364BCaDR##24DT##54G12U(B,3)4RKD(3,2) +
11520A%DR%a24DTasSeG1aU(R, U)aRKD(3,1) ¢ 2304PaDR#*#24DT#25eG14UCR,5)*RHD(3,8) ¢ 1728@0«DRw#24DT#a5aG1aU(1,1)#RHD(2,8) ¢
3456ABaDRA#24DTaa50G12U(1,2)#RMD(2,3) ¢ 3uS6@A«NRAw24DTaaSeG1aU(1,3)#RKD(2,2) ¢ 17280A*DR##240T#a54G1eU(1,8)#RKO(2,1) +
34S604DR*#24DTwaSaG1oU(1,S)eRKO(2,08) » 172824DR##24DT#eSeG1#U(2,B)*RHD(1,5) ¢ 863BC*DR#a2#DT#aSaG1aU(2,1)#RKD(1,4) ¢
1728PAsDR#a20DTaa50G10U(2,2)4RKN(1,3) ¢ 1728004DR*e2aNTenSeG10U(2,3)*RKD(1,2) ¢ 86020aDRa#2aDT#aSaGaU(2,4)*RHD(L,1) ¢
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STO@aDRa22eNTaaSaG1aU(3,0)0RHD(R,S) + 2RRPAMDRW#24DTeaSeG1oU(3, 1)#RND(P,4) + ST6FAaDRa#22DTaeSaG1aU(3,2)*RKD(R,3) +
ST622«NR*4 eDTaaSaG12U(3,3)#RKD(B,2) ¢ 460800aDRWN24DTaalaG[*U(B, 1)*RKD(3,3) 69120A#DRee24DTaaUaGInU(Y,2)#RHD(3,2) ¢
G6CBAPEDRLw2aNTeaUaGInU(A, 3)4RKD(3,1) o 11520@wDReu2«DTunueGleU(Q,u) *RHD(3,R) o 1728PAaCRae24DTeeyaGloU(1,@)RKD(2,4) +
691200aDR*a2eDTaednaGloU(1,11eRKD(2,3) o 1036800«DRea2eDToeuUnGloU(]1,2)0RHD(2,2) ¢ 69120290R*4240TwnuaG1aU(1,3)eRKD(2,1) ¢
172R0A*DRea24DTawlaGloU(Y,U)wRKD(2,0) + 86UGOADR4#24DTwedaGIaUC2,P)2aRHD(1,4) ¢ 3USHACADR##240ToeunG1aUC2, 1)#RKD(1,3) +
S184PGaDR a2 DTanleGIoU(2,2)0RKD(1,2) ¢ 3uS6QNADRAA2aDTandaGIaUC2,3)0RKD(1,1) ¢ BOUAPADRw#24DTwnueG1oU(2,a)«RHD(1,0) ¢
ZBBPQ-DRttéﬂﬂYttutGI'U(S:F)tRND(":U) * liSZnn-nR--ZtDY--UtGl'U(3:l)-RND(Oil) ¢ 172800eDRen2aDTaeynGisU(3, 2)0RHD(B,2) ¢
11520@aNRea24DTanlnGivU(3,3)#RKD(O, 1) + UbPBPReDRew2aDTan3eG1aU(B,B) #RHD(3,3) ¢ 1382400#DR*w24DTwe3aG1eU(B,1)#RHD(3,2) +
1382u00# DR a24DTwe34G1wU(0,2)4RKD(3, 1) + 46QBAADR*#24DT#a3eG1oUCR, 3)#RKD(3,R) ¢ 6912P@#DR##24DToa3aG1oUCY,P)#RKD(2,3) +

20736004DRew24DTaw30G10U(1,1)4RKD(2,2) + 20736@P*DR#w24DTee3aGlalU(1,2)4RKD(2,1) ¢ 691200aDRa#240Twa3aG1aU(1,3)aRHD(2,08) ¢
3456AANDRAa2eDTwa3aG1aU(2,P) aRHD(1,3) + 1936807 eDRen24DTeeInGay(2,1)0RHD(1,2) + 1P36800aNRen2eDTaa3aG1oUC2,2)0RHD(), 1) ¢

34560PeDRa24DToa30G10UC2,3)#RKD(1,0) + 115200#DR*a24DTra3eG1oU(3,0)2RHD(@,3) ¢ 34S6PA=DRe#20DTee3ef;)alU(3,1)#RKO(E,2) +
305600sDRea24DTwa3aG1aU(3,210RHO(P,1) ¢ 1152PPaDR*#2aDTae3eG1aU(3,3)#RKO(O,A) + 1382420eDR##24DT#024G1oUCB,P)4RKD(3,2) ¢

27648APA0RA424DTwe20CIaU(0, 1)#RHN(3,1) ¢ {3824PPaDR##2aDT#a20G1oU(R, 2)*RKD(3,0) ¢ 207360ADRa#24DTaa2eG10U(1,Q)#RHD(2,2) +
4147200 #DRea2eDT#a24G1aUC1,1)#RKO(2,1) ¢ 20736NPeDRea24DTw224G1oU(1,2)*RKD(2,0) ¢ 103682A#DR*#24DTea24G10U(2,0)*RHD(1,2) o

2A7360A«DR##2eDTwa20G1011(2,1)¢RKD(1,1) o 1A36APACDR##2aDT 227 G10U(2,2)#RHD(1,P) ¢ 3USEPP*DRw#24DTwa2eG1oU(3, A)4RKD(E,2) +
6912PAaDRew24DTea2aG1«U(3, 1)#RKD(B,1) ¢ 34S6ANeDRa#24DTa24G14U(3,2)¢RKHD(A,A) ¢ 276UBOReNRA#24DT«G1aU(R, Q) *RKD(3, 1) +
276U8QB4NR*«24NTHG1#U(B, 1) *RKD(3,3) ¢ U1GT720@eDR*#24DT*GIaU(1,B) «RKD(2,1) + G1G7202#DRew2«DTaGoU(1,1)oRKD(2,0) ¢
2AT36AP«DR#24DT#GI%U(2,P)2RHD(1,1) ¢ 2073600eDR*#24DT4GIoUC2,1)4RKD(1,0) ¢ 6912ABaDRWw24DT«GIaU(3, A)#RKO(A, 1) o
69127AaNRAa2#DTaGI#U(3, 1)#RKD(A,8) = 13824P@*NR*#24T(A,P)4RHD(YU,N) = 276080P#DRa«2aT(1,P)eRHD(3,R) = 20736A0DR%e2eT(2,8) ¢
RHD(2,P) o 6912A0*DR*424T(3,M)*RHD(1,@) ¢ 2T76URGO#DR##24U(A,N)*RHDEI,B) ¢ U14T72AN*TRee20U(1,R2)*RKD(2,A) ¢ 2073600+DR#w2sU(2,@)
RHD(1,A) ¢ 6912M@#NRe«2eU(3, @) *RKD(G, ) ¢ 1924DTwa 1aG1oU(R)6)*RKD(1,5) ¢ 192#DTew11aG1aU(1,5)*RKD(R,6) ¢ 11524DTen1QaGls
ULA,5)%RKD(1,5) + Q6RaNTHe)AsGIaU(A, 6)24RHO(1,4) ¢ 9604DToa1PaGleaU(1,4)*RHD(P,56) ¢ 11524DTae10aG12UC1,5)«RKD(A,S) +
ST6A«DT##9eG1oU(0,4)#RKD(1,5) ¢ ST6C#DT##92G1aU(R,5)4RKD(1,4) ¢ 384R#DTee9aGleUCF,6)eRK0(1,3) ¢ 384NeDT#e0aG1aUC1,3)RHD(B,6) +
S7684DT#e9«GinUCT, d)4RKD(A,S) ¢ ST6P*DT#eqeGlaU(1,5) *RHD(PA,4) + 230UG*DT#*82G1oUCR,3)0PKD(1,5) ¢ 288AA*DT*eReG1oU(R,U)
RHD(1,4) ¢ 2304MeDT#¥8G1eUCA,S)ORHD(1,3) ¢ 13152C#DTawB8eaG1aUCB,6)*RND?1,2) ¢ 1152P«DTaaBaG1#U(1,2)4RHD(A,6) ¢ 2304A*CTanBeGls
UC1,3)eRKDEMA,S) + 288AR«DT»aBeG14U(1,U)#RKD(B,U4) ¢ 23PUQ*DT##84G1aU(1,5)2RKD(B,3) ¢ 69120eDTaaTaG1eU(R,2)4RHD(1,5) +
llSZOn-nY..7ncf.u(n,3)‘RND(1,U) ¢ 1152002DTaeTeGIoU(R, 4)*RKD(1,3) ¢ 69120aDTeaTeG1aUCB,S)*RKD(1,2) ¢ 230UPeDTaaTaGlali(B,56)¢
RHDC1,1) ¢ 2300QeDT##7aG1aU(1,1)*RKD(B,6) ¢ 6912P#DTeeTaG10U(1,2) 4RKD(D,S) ¢ 1152AB4DTeaTaG1oU(1,3)#RHD(B,4) ¢ 115202aDTaaTeGls
UCt,4)#RKOLA,3) + 6912040T#472G14U(1,S)eRKN(A,2) ¢ 13826000TwnbaG1aU(R, 1)4RKD(1,5) ¢ 3USHAReDTorbaGieUCH,2)eRHOC1,4) ¢
H5P8PA*DTenbnG1ali(A,3)*RHD(1,3) ¢ 34S6QC#DTwwbaGIaU(B,d)*RKD(1,2) ¢ 13B24AaDTawbaG1oUCA,5)eRKD(1,1) ¢ 230UBeDTerbaGIaU(R,b)0
RKD(1,8) + 2304PaDTavbaG1aU(Y,D)2RHD(M,6) ¢ 13824MeDTonbeGloUCY, 1)#RKD(@,S5) ¢ 34562@#DTenbaG|2UC1,2)*RKD(B,4) +
4608PRaNTenbaG)alt(1,3)ePHDLA,3) * 34S6AQAaNTenbaG10U(1,8)*RMD(B,2) ¢ 13R2UPAWDTawbaGiaU(1,5)eRHD(A, 1) ¢ 13824AaCToaSeGieU(@,0)n
RHD(1,5) ¢ 6912A@«DT#45«G1#UCP,1)eRHDCL, 1) + 1382400207 e54G1oUCR,2)4RKD(1,3) ¢ 13824P@eDTwaSaGIaU(R,3)#RKD(1,2) ¢
69120A#DTa#SeG1eUC@,U)*RHD(1,)) ¢ 138240eDTaeSeG1aU(B,S)aRKD(1,2) ¢ 138240+DTeaSeGioU(1,B)aRKD(@,S) ¢ 6912AA«DT#eSaG1aU(L, 1)
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RHOD(@,G) ¢ 13824PAaDTwaGaGlaU(1,2) *RKD(A,3) ¢ 13828MP«0To#SaG1aU(1,3)#RKD(B,2) + 691200+DTwa5eG1#UCL,U)*RHDLB,1) +
13824AaDTaaSaG1aUCLsSIYRKD(A,0) ¢ 2384AaDT#SaRHD(@,6) + 69120AaDT#aunG1oU(A, @) #RHD(1,4) + 27648ARDT#+a#G14U(0, 1)#RKD(1,3) ¢
416720AaDTaUaG1aUCR,2)#RKD(1,2) + 276480AaDTawusG1aU(B,3)4RKD(1,1) ¢ 6912004DTaedsG1eUCR,U)*RND(1,0) ¢ 69120B4DTeausG1aU(1,8)¢
RKD(B,4) + 27608A240T+#asG1oU(L,1)4RND(A,3) + 4147200aDTweaeG1aUC1,2)«RKD(2,2) ¢ 27648@CDTanueG1aU(1,3)4RHDIC,/1)
59120040 TandeGiaUCL, G)#RRDCE, @) ¢ 13824@4DT#aGaRKD(@,5) + 2760808+0T+#3aG14UCB,0) *RHO(1,3) + 8294G0@#DT##34G1aU(2,1)*RKD(1,2) +
8294GARADT#a3aG1oU(R, 2)#RHD(1,1) ¢ 2764820#DT#a34G14U(@,3)«RKD(1,8) + 276480040DT##32G1aU(1,0)#RHD(B,3) ¢ 8294400#DTen3aG1n
UC1,1)4RKO(A,2) ¢ B8296UAPaDTaa3aG1aUl1,2)#RHD(R, 1) ¢ 27648R0#DTaa3aG12UCY,3)4RHOCP,0) ¢ 6912A0#DT#w3aRKO(A,4) ¢ 82944GUsDTH 2w
GIeUCA, A)#RHD(),2) + 165888PA«DT#a24G1a(1(A,1)4RHD(1,1) ¢ B294uMAaDT##20G1aU(R,2) *RHD(1,@) ¢ 82940PA=DT#a2eG{aU(1,B)«RKD(L,2) +
1658880A*DTa%24G1aUCT, 1) #RKD(A,1) ¢ A294GARCDT*a24G12U(1,2)*RKD(B,8) + 27648BB#DT##24RHD(B,3) ¢ 16588808+DTaG1+UCR, Q)
RKD(1,1) ¢ 15588800+0T«G1eU(R, 1)#RKD(1,P) ¢ 165888004DT#G1+U(1,0)*RKO(B,1) + 165888@C#DTaG1aU(1,1)~RKD(B,0) +
62944@ADT#RHD(B,2) = 1656880¢*T(2,8)#RKD(2,08) « 16588808#T(1,8)«RKD(1,8) ¢ 156538800+U(0,8)+RHD(1,8) + 165888084U(1,0)w
RKD(@,@) ¢+ 1658888A*RKD(B,1) ) / 16588808

# END PHASE ONE

¥ DETPS
{ =~ ( T(2,@)*RHD(2,8) ¢ T(1,@)%RHD(1,08) = U(P,B)*RHD(1,@8) = UC!,B)aRKD(@,8) = RKD(B,1) ) »
e,

[
e)

¥ FDETPS
( = { T(P,P)*RHD(2,@) ¢ T[1,@)*RKD(1,8) = U(B,@)*RKD(1,8) = U(1,8)*RKD(@,@) = RKD(E,1) ) .
DY & ( 2#G1eU(A,@)&RND({s1) ¢ 24G1oUCD, 1)RKD(1,8) ¢ 24G1aU(1,B8)aRHN(A,1) ¢ 2#G1aU(1,1)*RND(A,P) + RRD(G,2) ) / 2,
w ( 20DRAa28T(0,0)sRHDCU,0) ¢ UsDRee2aT(1,0)*RKD(3,0) + JaDRa#2eT(2,8)4RKD(2,@) ¢ DR#w2eaT(3,B8)#RKD(1,8) = GeDRwe24U(@,0)¢
RHD(3,) = baDR#424U(1,0)eRKO(2,0) = 34DRa*2eU(2,B)4RHO(1, @) = DR#a2#U(3,@)*RHD(B,2) = 124DTw#24G12U(0,0)4RKD(1,2) = 23#DTee2e
G1sUTM, 1)ARNDCIo1) = 1240T4a24G1oUA 2)4RKD(1,8) = 124DT#w24G18U(1,P)4RHDIR,2) = 20aDT#e20G14UC1,1)#RKD(B,1) = 124DTws2eG1e
UC1,2)2RKDLA,P) = 4sDT#a2eRKDC@,3) ) / 24 »
DT & ( 4sDRa#24GIaUCA,@)#RKD(3s1) ¢+ GaDRea2aG1aUCA, 1)aRKD(3,A) ¢ 6#ORea22G1oUC1, RIRKD(2,1) ¢ 6#DR#a24G12UC1,1)*RHD(2,0)
TeDPaa20G1aUC2,@)*RKDCY,1) ¢ 34DR#a2eG1aU(2,1)#RKD(1,@) + DR#224G1#U(3,@)*RKD(B,1) + DRa#24G1#U(3,1)#RKD(A,0) ¢
GaDT#a24G1aUCA, A)#RHD(1,3) + 124DTwa20G1eUCA, 1)#RKD(1,2) ¢ 120DT#a24G12U(A,2)#RKD(1,1) ¢ GaDT#e24G1aU(0,3)#RHDL1,8) +
UaDT#e20G1aUCL, A)*RKD(B,3) & 124DTaw2eG1aUC1,1)#RID(A,2) ¢ 1240Twn2eG1nU(1,2)aRKD(E,1) ¢ GeDT#a24G1aU(1,3)«RKD(B,A) ¢
DTes2eRKD(@,4) ) / 24
o [ 16#DR#48#T(3,A)aRKD(6,P) ¢ UB*DR#*#8=T(1,B8)4RKD(S,P) + 6A*DRaeuaT(2,8)*RKD(E, Q) ¢ G@e#DReeaT(3,8)#RKD(3,0) ¢

1SaDR&aGaT{d, @) #RHD(2,P) ¢ 3#DRaw4aT(S,A)#RKD(1,@) o GBaDRewysli(@,P)*RKD(5,8) = 1224DR##8aU(1,@) *RHD(4,0) = 120#DRweleU(2,0)




€T

RHD(3,08) = 604DRawdsU(3,0)9RKD(2,08) = 1S#DRw#QoUCU,A)4RHD(1,0) » 3aDRwaysU(S,P)*RHD(B,0) = 4BOWDR#a2eDT#024G1eU(B,@)*RKD(3,2) =
96040R##24DTHe20G14UCB, 1) #RHD(3,1) = 4BB#DR##24DT##24G14UCB, 2)*RKO(3,P) = 720#DRw#24DTaa24G1*U(1,0)#RKD(2,2) = 14U4GwDRan2s
DT#e24Gi#UT1,1)aRKD(2,1) = T20#DRea24DTaw24G14UC1,2) 4RKD(2,P) = 360eDRwa20DTea20G1oU(2,2)#RKD(1,2) » T20#DRaa2aDTwe20G1aU(2,1)n
RKD(1,1) = 36PeDR*#24DTa#24G14U(2,2)#RHD(1,@) = 120#DRea2aDT#024G1oU(3,@)0RN0(0,2) = 2uPeDR4#24DTaw2aG1nlI(3,1)eRHD(Q,1) =
1204DR%#24DT#224G14U(3,2)«RKD(A, Q) o 2004DTwausG1oU(R,B)#RKD(1,4) » 9604DT*wuaG1oU(R, 1)*RKD(1,3) » 14UBeDTHaUnGIaU(D,2)
RHD(1,2) = 96PaDTwaleGlalU(P,3)#RHD(1,1) ® 24BaDTealeGIaU(P,U)4RKD(1,0) = 200wDToelaG1aU(1,0)9RHD(B,4) » 960eDTanysGieU(l,1)n
RHD(N,3) luae-n?--u-ci-u(l,2)-9HD(0,2) o Q6A#LTwadeGlaU(1,3)0RHD(B,1) ® 24QAaDTendnGiayU(1,4)*RKO(@,8) = UBaDT##UueRKO(B,5) )
S18@ ,

DT « ( GBeNR*ayaG1eUCB,A)4RHD(S,1) ¢ GB#DR##UaG1#U(D, 1)#RKD(S5,8) ¢ 1204DRwaUaGIwU(1,R)*RKD(Us1) ¢ 120#DR*wUeGIaU(L,1)e

RHD(4,@) ¢ 120eDR##U*G1aU(2,@)*RKD(3,1) ¢ 1200DReeUsGLoU(2,1)4RKD(3,8) ¢+ 6CaDReaUsG1aU(3,A)wRKD(2,1) ¢ 6OaDRanUsGIoU(3, 1)w
RKD(2,P) + 1S#DRewUeGIn#U(3,B)#RKD(1,1) ¢ 1S#DReauUsGInU(G,1)*RKO(1,0) ¢ 3-on--u-51-U(s,e)-§uo(e,1) ¢ 3aDResyaGIaU(S, 1)

RKD(@, ) ¢ 16@aDRe#24DTan24G1aUCR, P)*RKD(3,3) ¢ UBC#DR#a24DTwa24G1oU(B, 1)4RKD(3,2) +- GBP4DRea24DToe24G14U(R,2) *RKO(3,1) ¢
16000R*a24DT#a2aG10U(@,3)@RKD(3, @) ¢ 2uPeDRe#20DTwa20G1eU(1,P)%PKD(2,3) ¢ T20aDRe#20DTaa2eG10U(1,1)0RHD(2,2) ¢ T7204DRas2eDTae2e
G1#UC1,2)#RKD(2,1) ¢ 2U@*DR#w24DT#a2eG1oU(1,3)0RKD(2,0) ¢ 1204DRee24DToa20G12U(2,0)*RHD(1,3) ¢ 36PaDRee24DTea2aG1aU(2,1)0
RHO(1,2) o 36PaDR##2#0Tew2eG1eU(2,2)%RHDLY,1) + 120#DR#424DTea24G1aU(2,3)2RKD(1,0) ¢ GA*DRae24DTew2eG1oU(3,8)#RKD(D,3) ¢
1204DR*224RTHa24G1aUC3, 1) #RKD(@s2) ¢ 120#DRew2eDTa24G1aU(S,2)4RKO(A, 1) ¢ UB*DR#a24DTea2eG1oU(3,3)aRHD(A,R) ¢

G8eDTenunGioU(R, PIARKDLL,S) + 2UPaDT#aUsGI U, 1)¥RKD(1,4) ¢ UBOADT#aleG1aU(B,2)#RND(1,3) ¢ UBR#DTweuaGieU(A,3)#RKO(T,2) +
2uAeDTealnGLaNCA, U) 4RHDLY, 1) ¢ G8eDT#aueGIaU(A,SIMRKD(1,0) ¢ UBeDTawgeG1aU(1,B)*RHDCR,S) ¢ 24@eDTaeyeGiaUCL, 1)*RHD(O, 4) ¢
UBPeDTraUaGI*U(1,2)*RHD(D,3) ¢ UBO#DT#wuaG1aUC1,3)eRKD(B,2) ¢ 2004DTaelaGioU(1,4)*RHD(B,1) + 48eDTanlnGioUC1,5)*RKD(E,0) ¢
84DTewqeRRD(A,6) ) / S760 ,

® ( 164DRwapaT(2,08)*RHD(6,D) ¢ 164DR*w6aT(3, A *RHD(S,8) ¢ 1A*DReapaT(3,P)4RKD(4,B) ¢ GalRawswT(S,B)*RHD(3,0) +

DR*#haT(6,R) *RHD(2,@) = 324DRevbaUl1, A)#RKD(,8) » UB*DRweb2U(2,A)#RKD(S,A) = UPWDRwebaU(3,B)%RKD(G,0) = 2UeDRaeb2U(4,0)
RHD(3,A) o 6#DR##62U(5,@) «RKD(2,0) = DRawpaU(6,P)¥RKD(1,@) = 384#DR#«UaDTae24G1aU(R, 1) aRHD(S,1) ® 1924DR# e yaDTae2aG1oU(R,2) %
RHD(S,A) o UBANR*aUSNT2a24G1oU(1,P)*RKD(U,2) ® 96@aDR*aUsDT2a24G1aUC1,1)#RKD(YU,1) = UBP#DReeyUeDTaa2eG1aU(1,2)%RHD(4,0) =
UBPADRWaUADT#424G1*U(2,@)#RKD(3,2) = 96P«DR**UaDT#e2aG10U(2, 1)*RKD(3,1) » UBBwDReaysDTea20G10U(2,2)¢RND(3,A) » 2UPaDRenyaDToa2s
G1#U(3,8)#RKO(2,2) » 4BFeNRaaysDT#a24G1oU(3, 1)aPHD(2,1) » 2uMeDReayaDT#a20G10U(3,2)4RHD(2,0) = 6PaDReayaDTea2eGloU(4,0)s
RKD(1,2) o 120aDRa#UaDTa*24G1eU(3,1)#RKD(1,1) = 6A*DR4#GaDT# 420610 U(U,2)#RKD(1,P) » 124DRa*UaDTaa24G1aU(S,B)*RKD(D,2) »
24rDReeUSDT#424G12U(S, 1)*RKD(@, 1) » 128AADR*#2aNTe2daG1aU(B, 1)*RKD(3,3) = 1920 #DR*w24DTanleGioU(D,2)#RKD(3,2) = 12884DR*a24n
DYttutGl'Uiﬂ,l)tRNb(l,l) ® 12AaDRwe24DTaateGlaU(A,4)aRKD(3,8) = 4BO*DR*#2eDTeauaGIoaU(1,P)eRKD(2,4) » 19204DR*224DTaedsGle
UC1,1)#RKD(2,3) = 288P#DR##24DTwedsGlaU(1,2)#RKD(2,2) 19204DRea2aDTewyaGleaU(1,3)4RKD(2,1) = UBBADR#a2aDTanadsGlaU(Y,4)e
RHD(2,0) » 2U4@eDR##24DTawyaGlaU(2,@)#RKD(1,08) » Q6@4DR*22aDTaal8eGleU(2,1)4RKO(1,3) = 144A*DRe#24DTaeuaGlaU(2,2)*RKO(1,2) =
9604DR#424DT#auaGIaUC2,3)#RHO(1,1) = 2004DR*#24DTaeuaG1aU(2,8)%RKD(1,A) = BPaDRee2aDTweyaGliaU(Y, @) 4RHO(B,4) = 3204DRas24DTaede

G1#U(3,1)#RKD(@,3) = 4B@*DRw#2#DTengeaGloU(3,2)9RND(B,2) = 32040Ree2uDTeadeGlaU(3, 3)4RKO(@, 1) » 384sDTeebeGielU(R, 1)4RHD(1,5)
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QuAeDTwebaGInyU(D,2) *RKD(1,4) » 12AAaDTa4baG1oU(A,3)eRKD(1,3) = 960«DTwnbeG1eU(B,8)*RND(1,2) = 38uaDTeabnGieU(Q,5)#RK0(1,1) =
HUNDTangaGlalU(@,6)#RHD(1,@) = 6UsDTaabaGlaU(1,A)*RKD(A,56) = 3RUeDTanbeGIrU(1,1)8RKC(R,S) = Q6@aDTanphaGiaU(1,2)#RKD(B,8) =

128040Tanhal1aU(1,3)*RKD(A,3) ® G6AaDTwabaGInU(1,4)#RHC(B,2) = 3844DTenbaGieU(1,5)*RHD(R, 1) ) / 46080 )

¥ FDETPS

© { T(O,P)*RKD(2,@) ¢ T(1,@)*RKD(1,P) = U(B,P)wRHD(1,8) = U(1,0)«RKD(B,0) = RHD(E,1) ) ,
DY # ( 2#G{eU(P,@)%RKDC1st) ¢ 24G1oUCR, 114RKD(1,08) ¢ 2#G1oU(1,@)«RHD(@,1) ¢ 2#G1aUC1,1)#RHD(B,8) ¢ RKD(O,2) ) / 2,
o DRea2 o { 20T(P,M)#RKD(U, @) ¢ 4aT(1,P)PRKD(3,P) ¢ 3aT(2,0)*RKD(2,@) + T(3,@)*RHD(1,8) = 4eU(@,8)*RHD(3,@) = 6+U(1,C)n

RKD(2,8) » 34U(2,8)4RKD(1,M) « UC3,A)*RHD(A,R) ) / 24 )

¥ FOETPS

{ » (291 T(@,A)eRND(2,@) ¢ T(1,@)*RKO(1,P) = U(P,B)*RKD(1,0) =» UCY,@)*RKD(B,M) = RKD(B,1) ) »
3281 OT & ( 24G{*UCA,P)aRNOC1,1) ¢ 2#G1eU(P, 1)#RKDC1,@) ¢ 24G1*UC1,0) *RKD(B,1) + 24G1eU(1,1)*RKD(B,@) ¢ RKD(B,2) ) /7 2 ,
3703 « DRea2 # ( 2&T(B,P)aRKD(U,@) ¢ 4wT(1,8)*RKD(3,@) + 3+T(2,@)#RKD(2,@) ¢ T(3,8)#RHD(1,0) = 4sU(B,B)*RHD(3,0) = 6#U(1,0)*
RKD(2,08) = 3#U(2,P)*RKD(1,A) » UC3,A)I«RKHD(O,8) ) / 24 )
CONTPS
{ o ¢ T(A,A)*RKD(2,0B) ¢ T(1,@)*RKO(1,8) = U(B,B)%RKD(1,8) = UC1,8)*RKD(A,8) = RKD(E,1) ) ,
DY o ( 24GisUC@,M)«RKDC1,1) ¢ 2#G1#UCD, 1) «RKO(1,B8) ¢ 2+G1+UCY,@)aRKO(B,1) + 24G1#U(1,1)#RKD(B,8) ¢+ RKD(B,2) ) / 2,
o DR4a2 » ( 20T(@,P)4RHOL4,0) + 4sT(1,@)4RNDC3,0) + 3aT(2,8)4RKD(2,@) ¢ TC3,0)#RKDC1,8) = 4sU(B,0)aRND(3,@) = 6eUC1, L4
RHD(2,@) = 3#U(2,E)*RKD(1,8) = UC3,P)+RKD(@,8) ) / 28 )
TER WITKR ALL TIME DERIVATIVES

TER
te,
3287 DT % 7 24G1aUC@sPIaRKD(1,1) ¢ 2#G1sU(@,1)#RHD(1,8) ¢ 2#G1+UC3,@)+RKD(@,1) + 2+G1aUC1,1)*RKO(B,8) ¢ RHD(2,2) ) / 2
3707 « DRa#2 & ( 24T(#,C)#RKO(U,0) o 4eT({,8)#RHD(3,8) + 34T(2,0)#RKD(2,@) + T(3,0)RHD(1,08) = 4aU(2,B)*RHO(3,0) = 6*U(1,0)*
RHD(2,@) = 3#U(2,B)#RKD(1,8) = UC3,@)«RKD(E,8) ) / 24 )

CONSTRUCT THE HDDIFIED EQUATIODN

RORD
2
TOR0
1
NUMER
2#0R# 4207 (P, 0)#RHD(UsB) ¢ GaDR##2eT(1,B)«RHD(3,8) ¢ 3IwDR#e24T(2,0)*RHD(2,08) ¢ DRw#24T(3,@)#RHD(1,08) o GaDR#e24U(0,@)*RHD(3,0)
6aDRaa2eU(1,8)#RHD(2,8) = 3aNRea24U(2,@)*RKD(1,0) = DR##24U(3,B8)#RKD(B,08) = 2u*0T#G1aU(B,8)*RKO(1,1) = 24aDTeGLeU(P, 1)

RHD(1,@) = 20aDTaG1aUC1,A)*RHD(Q,1) = 2u4aDTaG1eaU(1,1)4RKD(Q,0) = 1240DTeRHD(@,2) ¢ 24+T(@,B)*RKD(2,8) ¢ 24eT(1,8)*RKD(1,0) =

26aUCB, @) #RHD(1,8) = 20sU(1,8)*RHD(B,0)




Y4

¥ DENDM

24

x%4 NORMAL RETIJRN FROM MATN PpOCENURE
xxk RUN STATISTICS

14,264 SECONNS ELAPSED
13197@ WORDS IM WORKSPACE
10 DTIGITS IN SHORT INTEGERS
28 DIGITS IN LONG INTEGERS
? GARBAGE COLLECTIONS
94557 wORDS OF WORKSPACE NEVER USED

SEJ
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APPENDIX B

FLOW CHARTS FOR THE TRUNCATION ERROR EXPANSION PROGRAM

START
MAIN

Declarations, initialize
raxirum order of the ex-
pansions, initialize maxi-
mum exponer.ts by invoking
PRPCEDURE XP.

Lines 2-15

Set RPRD, TPRU, DERM@D, DE
and FDE with user-supplied
ALTRAN statements.

Lines 19-27

Optional substitutions:
RP=R+DR/2, RM=R-DR/2.

Lines 33-34

'

Substitute &r = A ér,
st = A dt.

Line 35

Check for possible errors

of order A ], print warn-
ing message if appropriate,
and set NUMER = DENgM =0 for
efficiency.

Lines 38-40

Convert DE and FDE to trun-
cated power series in A.

Lines 43-44

END

//> Print and punch RgRD, T@RL,
DERM@D, NUMER, and DLNGM.

Lines 65-€6

Split the terms of M@DEQ equal
to DERM@PD into their nunicrator
NMUMER and denominator DENPM.

Lire 63

Set the truncated power series
for the modified equation, MEDEQ,
equal to GE expandec in DERMPD.
Check to make sure DERM@D appears
to first order in DE.

Lines 61-62

Compute truncation error TER as
modified equation FDETPS minus
differential equation DETPS.

Line 56

Use array substitution prccedure

ARRSBS to set F1 and F2 to unity

for the special case of a uniform
mesh {optional).

Line 55

t

Use procedure TPSCE@P to discard
terms of FDETPS and DETPS that
are of higher order than R@RD in
DR and T@RD in DT.

Lines 51, 52

?

Discard terms of FCETPS that are
of higher order than max (RPRD,
TPRD) in A.

Line 50




START
TE

Calls TETPS to do the ex-
pansion as a TPS, then
sums the terms of the TPS
to return an algebraic
form of the expansion.

Lire 11

RETURN
Line 11

START
TAYLOR

Initialize: Taylor series
terms TAY are set to case

of A=B=0; FACT = table of
factorials; CPF is set for
the case A=B=0.

Lines 11-13

START
TETPS

Is the expansion for
only a single varia-

ble?
Line

10

L

Call TETPS to get TPS
expansion of all but
first variable; call
TAYLOR to get TPS ex~
pansion of first vari-
able; call TPSMUL to
muitiply the two TPS's
together.

Line 12

RETURN
Line 12

No

B=0?7?

A=07?

Line 23

'3

Yes

Line 15

B=07?
Line 16

RETURN
Line 16

Do a 1-d Taylor
series expansion
in time.

Lines 17-19

RETURN
Lines 20, 21

Compute 2-d Taylor
expansion; I is
order of the term;
CPF is Pascal's
traingle.

Lines 30-36

RETURN
Line 37

Call TAYLCR to
get TPS expan-
sion of that
one variable

Line 10

RETURN
Line 10

Do a 1-d Taylor
series in r.

Lines 24-26

RETURN
Lines 27-28

27




28

START
TPSCH@P

Initialize; find order

Line 8

of TPS A.

For each array element
of A, cut out terms of
order greater than RPRD
in &r and then TPRD in
ét.

Lines 13-16

RETURN
Line 18

START

START
ARRSBS

Initialize CB to find
DB(1,0) & CB(1,1)

the Tower & upper in-
dices cf array elements

Line 7

of A.

Substitute the array
RHS for the array LHS
in each element of A.

Lines 10-12

Computes maximum expo-
nents for each element
of the indeterminant
arrays in the layout
in MAIN. Begins by
filling XP with ones.

Line 4

For sufficiently small
1+J, the array element
is set to 7.

Lines 6-10

RETURN
Line 12

RETURN
Line 14




APPENDIX C
INSTRUCTIONS AND LISTING FOR THE TIME DERIVATIVE ELIMINATION PROGRAM

This appendix describes the current form of the code that eliminates time derivatives from the modified equation. This program is contin-
uing to evolve, and our goal is to eventually combine this code with the expansion code to form a completely automated package that we will
describe in a future report. However, this first genmeration program is useful enough to justify its inclusion in this report.

Input for this program is punched by either itself or the expansion program. If only one equation is being manipulated, there must be a
data card setting SDER to zero. If there is a system of two equations, only the first equation read in (the primary equation) is differentiated.
However, both the primary and secondary (the second equation read in) equations have derivatives of DERMOD eliminated. For the secondary equa-~

tion, SDER. SNUM, and SDEN are the analogs of DERMOD, NUMER, and DENOM for the primary equation. RORD and TORD are the same for both equations

A problem is begun by running the expansion code and using its punched output as input for the elimination code. Each run of the elimina—-
tion code will reduce the order of time derivatives present by at most one. If a given run does not successfully eliminate all the time deriv~
atives, its punched output is used as input for the next run. The optimum strategy for handling systems of equations has not been worked out.

The listings include the setup statements and results from a sample expansion run, a complete listing and first run of the sample problenm,

and the results of the second elimination run. The input and results for the expansion run are given below.

18

19 RORD = ? 1 l)Tnﬂo z 1

@ DERMAN z TN

a D (7s1)  DIF & T(2,7) 2 ¢ pIF » T(1,0) / R

5 Y,0,1) = T(,0)) / DT =

2 FOE = (BT (RAes2e(TECT,), M oT(R2)) © RMes2e(T(E,)=TECT,=1,220) /
éu (Rea2eNRIC2)

25

g CONSTRUCT THE MDDIFIED EQUATIDN
# RDRD

2
# TORD

1

# NUMER

F
DRew2eRe 24T (4, MIADIF + 4aDR4#24RaT(3,8)#DIF ¢ IaDR##24T(2,@)#DIF © 6#DTAR##2vT(3,2) ¢ 120Rea20T(2,0)4DIF ¢ 2usReT(1,0)¢01

& DENDM

12eRns2

The remainder of this appendix is a listing of the time derivative elimination program and the output of the two runs needed to complete this
sample problem.
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OB NN &N -~

SAMPLE PROBLEM FROM THE EXPANSION PROGRAM CODE
ALTRAN VFRSION 1 LEVFL 9

PROCEDIIRE MAIN # PRNGRAM TN REAN MODIFIEN EQUATINN AND ELIMINATE T DERIVS

FXTERNAL INTEGER N1=7, M2=7
INTFGER M=31, MM=7
LOMG ALGERRAIC (NRTeM, NR§M, RIM, RPgM, RMIM, GigM, G2tM,

LAMe™, F13Y,

FPeM, DIFeM, LirAeN|,AgnuR) gMM, P(AINT, AIN2IgMM, RHD(AEMY, AgNR2) MM, TT 1M,
T(PINY,2eN2) gMM) NFRMOD, NUMER, NDENOM, SECONDL, SNUM, SDER, SDEN

FXTERNAL LONG ALGFRRATC LANsLAM, SzR, TIMsT]
FXTFRNAL LONG A{.GERRAJC ARRAY R1=RHO, P1zP, Ti=T1, uis=l
INTEGER I, J, ROPD, TNRN, 1T, TR, ISR, IST, NT

INTEGER ARRAY (¢ gMD) TSRM

LONG ALGERPATC ARRAY (2gM1,A¢N2) DFRITV

LONG ALGEBRAIC ARRAY SiR

LONG A GERRAIC A_TRAN TDER, RDER

ALGFBRATC ARRAY ALTRAN TPS

ALGFBRATC ALTRAN TPSEV|

RFAL NDFLTA, ETIME

H o @ © o @ o = ®© o o

READ RORD, TORr, DFRMNAN, MUMER, NFNNM, SDER
WRTITE "INTTTALTZATIONY, RORD, TORN, DERMAD, NUMER, OFNNM,
SNlM= R
SNEN=1
1F (SDFR_NE.®) Dn

RFAD SNUM, SNDEN

WRTTE SNLIM, SDFN
NOEND

¥ & = - --.- =

4 SFT 1!P THE S!MRSTITUTION MATRIX
pooT ", Ni
IR
nnJ = @, N2
T = J
IF (DERUOD,NERPHOCT,J)Y GO TO Af
SHB = fHO
Gh 10 Ry
A1 3CONTINUE
IF (NFRMDON,NF LT, J)) 60 TN A2
SR = i)
6N 1O 81
AR tCONTIMIE
IF (DFRMDN NF ,P(T,J)) 60 TN A3
SUR = P
GN 10 Ry
A33CONTINUF

—

SNFR



1F (NFRMOAN NF,Y(T,0)1 GO 10 A4
SUR = 7
GO 10 Ry
AUSCONTINUF
NNEND
NOEND
WRTTE DFRMOD, *T{LFGAL DFRmMOO, ARNRTINGY
tN T0 ST
RY{gCONTINIF
WRTITF 1R, 7T, SuA

no 1 = 17, NI
nyJd o= 17, N2
NERIV(T=IR, J=1T) = SHR(I,.)
NERIV(T,J) = @
SUR(T=1IR, Je1T) = SURL(I,J)
SUR(T,JY =
NOENN
NOENG
ISR = N{ = IR
JST = N2 =« TT
WRITF sy, DERTV, TSR, TST
NFLYA=TTIME(FTTIMFY s wRITE NFLTA,ETIME

@ e e ® e e e " e e

# CALCULATF HIGHEST ORCFR NFRIVATIVES NEFDFD

1SR, M, =

NT = IMAX( IMAY( DeG(NUMER, SUB(TeJ))? DEG(DENOM, SURCTI J1))

IMAX(DEG (SNisty SUR(TJY ) e OEG(SNENY SUB(TeJ))Y) )
IF (NT,BT,.2) 0N

TR =1
It =J
1SRMEJ) = 1
G0 TO, NMQ
NOENND
NNEND

NMOSCONTINUF .
NNENN 3 NT = DEGINUMER® Stia(n®h)) ¢ DEGIDENOMs sUB(0°*0))
DEG (SDENy SUB(NyN)Y)
1F (1R.GT.0 ,0R. 1T.6T_n ,O0R. NT,GT.0) 60 TO QS
WRITE +NO TIME DERTVATIVFS FOUND THAT CAN RE ELIMINATENe
Go 10 ST
0OS$CONTINIIE
ISR = W
IST = 17
WRITE »MAXTM)M (ORDFR OF DFRPTVATIVE TO BE COMPUTER®, ISR,

NELTASTIMECFTIVEYy WRITE DFLTA,FTIME

L L T . N IS

+ DEG(SNUMe SUB(Q*0)) o

1871,

ISRM




(4%

103 4 CREATF HIGHFR DORDER PFRIVATIVFS

194

125 NERTV(c,n) = NUMER / NENOM

106 WRTITF NDFRIV(M,?)

127

19R # PIIRF TIME RFRIVATIVE NF ORNER 1T

189 np 11 = a, IS8T

111 TF (TT,AT,P) D

111 NIMER = AMUM(DFRTIV(A,TTe(), DEHOMY

112 DFRIVIA,TIT) = (TOFR(NIMERYRDENOM = TNRFP(NENOMIRNLMERY / DFNOMR#
13 WRTITE “PPE TIME NFRIVATIVEY, TT, NUMER, DENNK, GERIV(E,1T)
114 NNENND

15

116 WRITE "SPACE DFRIVATTVESH

117 1IF (TSRM(TTYI GT.P) DO TR = 1, TISRM(IT)

11R MUMED = ANHM(DERIV(TR=1,1T), DEN(M)

119 DERIVIIR,IT) = (PNFR(NMIMERI4NENOM = ROFK(NFNOMI&NIMFR) / DFNNiew?
120 WRTTF TR, NUMFR, NFNNM, DPERTV(IR,IT)

121 NOEND

122 NNEND

123

124 WRITE NDFRIV

125 NFLTA=TTYME(FTTVMEY; WRTTE NFLTA,FTTVF

126 MiiMFR= '

127 NFNOMZ®

128 A L L )

129 # ELTIMIMATFE TIME NFRIVATIVES FRNM THF PRTMARY MORIFIED FMIATION
130

131 nn g = a, IST

132 no o= @A, TISRMED)

133 DERTV(®, M) = DFRPTIV(R,N) (SHB(T,J) = DERIV(I,J))

134 NERTV(Z, M) = TRSFVL(TPS(NERTIV(A,2) (DR, NT = LAMaNR, LAMaDT)Y, LAM,
135 TMAX(RORD, TNRRN)Y), 1)

136 OERTV(®,R) = TESEVL(TPS(DFRIV({,®) (DR = LaMaDR)Y, LA, RDRL), 1)
137 DERTV(R,®) = TOSFVL(TPS(DERIVI®, ) (DT = LAMaDTY, LAM, TARMY, 1)
138 NNENN

139 NOEND

140 NUMER = ANUM (NERIV(A, 1), NFNOM)

141 WRITF ROPD, TORD, NERMNAN, NUMER, DENDM

142 WRTTF (25) RORD, TnRh, DERMORN, NIMFR, NDENDM, SDFR

143 NELTASTIME(ETIMEY s WPITE DFLTA,FTINMF

144

149 NIIMER=(

146 PENAMZQ .

147 IF (SPFR,FB,0) GA TH ST

148

149 # & o e e ee e n e e e e =

154 g ELTHINATE TIME OFRTIVATIVES FRNM THE SECONDARY NNDJFTEN EAUATION
151

152 WRITF "SECNNNARY FRUATTIONY, SDRR, SNHIM, SDEN

1683 SECNNN = SNIM 7 QNEN

154 np J = @, IS8T

15% pn T o= B, TSPMeIN

156 SECNND = SFeMR (SUR(T,J) = PFRIVIT, 1))



(TPS (SECOND (DR,
Tneny),
= (TPS (SECNND (DR
SECOND = TPSFVL (TPS (SFCOND (NPT

SNEN)

157 SFCOND = TPSFVL
154 TMAX (RD%D,
159 SECOND = TPSFV|(
160

161 NNEND

142 DOEND

163 SNUM = ANUM (SECOND,
1 A4 WRTTE SNII4, SNEM
165 WRTTF (25) ShitM, SDEN
166 ‘

167 ST: CONTINYF

1 68

169 ‘

t70 FEND

NAME ZEXTNAME

TSR™M
NERTIV
DENOM
NERMNN
DIF

ne

DT

Fi

Fe

G1

G2
Lam
NUMER
RM

RP

R

SDFN
S0FR
SECOND
SNUM
TI

u

[~

R HN

T
ANIM/SQAN M
DEG/SINFG
DELTA
ETTHE
IMAy/ssarMay
e

1SR
Ist

It

1

USF

VAR
VAR
VAR
VAR
TND
IND
NN
TMD
IND
IND
TND
IND
VAR
NN
TND
MR
VAR
VAR
VAR
VAR
™D
T MD
TND
TND
TMD
PROC
PROC
VAR
VAR
epPne
VAR
VAR
VAR
VAR
VAR

1)

PELTASTIME(FTIME)s WRITE NELTA,FTTME

DT = LAMaRR, LA

| AMaDK),
{ AMxDT),

TYPF STOUC PREC C{ASS SCNPF NR

INT
Al G
ALG
ALG
ALG
Al G
ALG
ALG
ALLR
ALG
ALG
ALG
ALG
ALG
ALG
4l 6
ALG
ALG
ALG
Al
ALR
ALG
Al G
Al G
Al f
ALG
TNT
REAL
REA}
Ty
INT
ThY
TNY
INT
INT

i - 3

—_———

Net!Pe
Panny

MeDTY,

LAM, RORD),

LAM,

LAY

La@ey
Lx@gsy
Larirt
Laring
Le2)
LaPAY
Le%0y
Leti)y
Lwrpay
Laviry
Lerirg
Le@ry
Leviry
L e@i1q
Lay
L2201y
Lagny
Leuty
Lathuy
Lergdy
Le?i*y
Lel2y
L*brcy

TORD),

ADIR

LAM,

1)
1)




J VAR TMT

LAN VAR ALG (. S X
MAIN PROC L S X

MM VAR INT

M VAR INT

NT VAR INT

N1 VAR ImT S X

N2 VAR INT s X

P1 VAR ALG A L S ¥

ROER PRNC ALG L S X

RORD VAR  TNT

R1 VAR ALG A L S X

S)R VAR ALG A L

] VAR ALG L S X

TNER PROC ALR L s X

TIME/S9CLEK PPOC RFAL L s X

TIM VAR ALG L S X

TORD VAR IMT

TPSEVL PROC ALG L S X

- PRNC ALG A L S X

T VAR ALG A L S X

Ui VAR ALG A L S X

DxA%p L]

NkAQA7 nR

LAY Lay

Al CONS LAR 328
A2 LONS LAR 352
A3 CNNS LAR 376
Al NS LAR ave
B1 CONS | AR 42?2
NMN CONS LAR 127
ns CONS L AH 757
ST CONS AR 15948
TLLEGAL DERMON, ARDR CONS (HAS

INTTIALTZATION cNNS CHAR

MAXIMUM DRDER OF NPFe CONS CHAR
NO TIME DERTVATIVES CNNS ChaAr
PURE TTME NERIVATIVE CNNS CHAR

SECONNARY FQUATTINI CNNS CHHAR
SPACE NERTVATIVFS CNNS CHAR
[ CONS INT
1 CONS TuT
25 cnN3 INT
2 CNANS TNT
31 CANS IMT
7 cnng Tt




Sg

2. LISTING OF THE ELIMINATION PROGRAM AND FIRST RUN OF THE SAMPLE PROBLEM

ALTRAN VFRSTON | LEVE! 9

BRACKDIIRE TNFR (AY # TIME NFRIVATIVF NF AN ALGERBRATC WITH DFENOMTHATOR = 1

1
?
3 FXTFRNA{ INTEGER Wy, N2
4 FXTFRNAL | NN ALGERRATE LAY, S, TI™
S EXTFRNA| L ONG ALGFRRATC AREAY Rt, P, T1, Ul
6
7 VALUE A
8 LONG A[GERRATIC A, DFR
9 INTFGER T,
1
11 # DIFFFREMTTATE %ITH RESPECT TO TTIME (TIM)
Ve
13 NE& = NTFEF (A, TIM)
14
15 8 CMAIM RULF FOR TMRLICTT DIFFFRENTIATION OF DEPENDFNT VARTABLES
16
17 T o= NY, A, -1
18 TF (A, NFACRY(T,N2Y, TH(I,N2), PICL,NPY, UL(T,N2) 20,3,0,4)) 60 TO KICWOUT
19 DO J = N2=1, @, =i
29 NER = NFRP « DIFF(A, RICT,J)) % RI(T,Je1) ¢ DIFF(a, PI(T,0)) » PI(T,Je1)+
21 DIFF (A, W(T,0)) % UICT,Je1) « DIFECA, TU(1,0)) * TI1(1,J+3)
22 DOFND
c3 NOEND
24
2s RETIIRNC(NER)
26
27 KICKOUT;~RITE MFRREGR Th TDER « =~ N T8 TNO SMALLM, A, DER, N1, N2, 1, J
28
29 END
NAME /EXTNAMF, HSE TYPE STRUL PRFC CLASS SCNPE DA | AY ADDR
A VAR ALG L v
DER VAR ALG L
DIFF/ASQDIFF PROC ALG L S X
1 VAR  TNT
J VAR INT
LAN VAR LLG L S X
N{ VAR THT S X
N2 VAR INT S X
el VAR ALG A L S X
R1 VAR  ALR A L $ X
S VAR ALG L S X
YOFR PROC L s X
TIM VAR ALG L s X




9¢

T
Ut
KICKOUY

a

VAR AlLG A L s X

VAR ALS A L S X

cnus L Ak S 225
ERRNR IN TNFR = « N CNNS ChlAR S

CNNS THNT S

roMS THT S

1

3. RESULTS OF THE SECOND RUN OF THE ELIMINATION PROGRAM

ALTRAN VFRSTNN | LEVFL 9

1 PRACFNIIRF RNFP (A) # TIMF NFRIVATIVF NF AN AL GFARATC WITK NENOMTIMATOR = |
2
3 FXTFONAL THTEGFR N, MD
4 FXTFRNAL LOMG Al GFRRATC AN, S, TIM
5 EXTERMAL LONG ALGFRRAIC ARRAY RY, P11, T1, Ui
6
7 VAL YF A
8 LONG ALGFBRATC £, DFR
9 INTFGER I, J
10
11 # NTIFFERENTTATE WITH RFSPECT TN R (S)
12
13 NER = DTYFF (A, §)
14
15 # CMAIN RUYLF FNR TMPLTCIT NIFFFRENTIATION DF DEPENDENT VARTARLFS
16
17 po J = N2, @y =1
18 TF (A, NE,&(RYI(NMT,JY), T1(N1,J), PL1(N1,JY, UY(NY,J) =0,4,7,@)) GO TN KTCkDUT
19 NN T = Nlel, ©®, =i
20 NER = NER ¢ NIFF(A, RICT,J)) & RI1(T+1,J) + DIFF(A, PI(I,J)) * PI(I+1,0)4
21 NIFF (A, UYCT,J)) » UICT+1,J)  DIFFCA, T1(T,J)) « Ti(I+1,.0)
22 DOFNN
23 ROEND
24
25 RETURN(NER)
26 .
27 KICKNUTewRITF "FPRCR [N RDEF =« =« N TS TNN SMALL®Y, A, DER, Nt, N2, I, J
28
29 FEND
NAME/EXTNAME (1SE TYPF STRUC PREC CLASS SCNPF DB LAY ADNDR
A VAR ALG L v
0OER VAR ALG L

NIFF/ZAQDIFF pRNC ALG 1 S X




L€

1 VAR
J VAR
LAN vaR
N{ VAR
N2 VAR
P1 VAR
RDER PROC
R1 VAR
S vap
TIM VAR
T VAR
Ut VAR
KICKOouT roNg
ERRNR N RNFR @ & N CONS
7 CONS
1 CNNS
# INJTIALIZATION
# RDRD
2
# TORD
1
¥ DERMDD
Tte,1)
¥ NUMER
Tei,ay )
4% DENDM
12¢Rn e
4 SDER
]
v IR
2
4 I7
1
& SUR
C 7o, o ,
T(a,1) ,
T, 2y ,

InY
WY
ALG
Tat
INT
ALG

ALG
ALG
ALG
ALG
ALG
AR
CHAR
INT
InY

L

:nm:nm:n:n:n{n'.nw:nm:nm

)(KK)(KXKKKX

225




8¢

TR, 3
T(A,4)
T,
T(@,6)
T(a, 7
T(1,®)
T(1,1)
T(1,2)
T(1,3)
T,
T(1,9)
T(1,6)
T(1,7)
T2, M
T(2,1)
T(2,2)
T(2,3%)
T2, 4)
Y(2,%)
T(2,56)
T2, 7
T3, M
T(3,1)
T(3,2)
T(3,3)
T(3,4)

T(3,%5)

T(3.86)
T(3,7)
T4,
T(4,1)
T¢4,2)
T(4,3)
Tta,4)
T(4,5)
T(4,6)
T4,
T(S,™
T(S, 1)
T(5,?)
T(5,3)
T(S,4)
T(5,5)
T(5.6)
TS, M
T(6,?)
T(6,1)
T(H,2)
T(6,3)
T(6,4)
T(6,%)
T(6,6)
T(6,7)

T(7.,%)

« SHR

T(7,1)
T(7,?)
17,3
T(7,4)
T((7.5)
T(7.86)

7, N

C T, 1)

T(a,2)
(2,3
T(A,4)
T(2,5)
T(n,6)
T,
2,

T(1,1)

T(1,2)
T(1,3)
T(1,4)
T(1,5)
T(1,6)
T(1,7)
e,

T(?2,1)
T(2,?)

T(2,%)

T(?, 1)
T(2,95)
T(?,6)
T2,
a .,

T(3,1)
T(3,2)
T(3,3)
T3, 4
T(3, %)
T(3,6)
T(3, 7)Y
@,

T(4,1)
T(4,2)
T4,
T4, 4)
T(4,5)
T4a,6)
T8, 1)
e,

TS5, 1)
T(5., M
T(5,3)
TS5, 4)
T(5,9)

T(5,6)

‘unl SNONUT3U0D JUO Se pedi °2q 03 ?aae

‘sUmMTOD 9Y3 JBY3 daBME 9q PTNOYS 1

apea1 8yl ‘3xau ay3j pue 28ed sTyz uwg
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6t

T(5,7)
e,
T(6,1)
T(6,2)
T(h,3)
TCh, )
T(h,5)
TC6,6)
T(6,7)
o,
7, 1)
T(7,2)
T(7.3)
Te7,0)
T(7.5)
T(7,6)
17, 7)
@)

# DERTV
¢ T(a,
T(o,?)
T(2,3)
T(P,4)
T(9,5)
T(a,6)
T, 7)

e,

TC1,1)
T(1,2)
T(), 3)
T(Y,4)
T(1,%)
T(1,6)
TC1, 7
e,

T(2,1)
T(2,2)
T(?,3)
T(2,4)
T(?,5)
T(2,6)
T2,
2,

T(3, 1)
T(3,2)
T3, )
T(3,4)
1(3,5)
T(3.,8)
T3,
",

T(d4,1)

T(4,2)

T(4, %)
T(4,4)
T(4,5)
T(4,K)
T(4,7)
.,

TS5, 1)
T(5,2)
T(5,3)
T(S,4)
T(5,9)
T(S,6)
T(S,7)
n,

T(6,1)
T(6,2)
T(6, %)
T(h, 4}
T(6,5)
T(6,6)
T(h:sT)
e ,

(7, 1)
T(7,°)
T(7.,3)
(7, 4)

T(7,5)




oY

T(7.6) ,
T(7,7Y ,
)

¥ 1SR

6
¥ DELTA

1.5029262R75
¢ ETIME
1,87P2924287%
# MAXTMHM NDRNDFER OF NFRTYVATIVF Tn RE COMPUTED

¥ ISR

(P, 0,0, 8,0, 0,0, NJL,)
¥ NELTA

4,19U972249999F =1
# FEYIME

1.972416517%

¥ DERIV(@,Q)
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There are three simple modifications that the
user can make to improve efficiency. The first
change can be made only if all truncation errors
containing time derivative are first or higher or-
derin 6t or 8r. 1In that case, we can safely elim-~
inate the highest order errors from the modified
equation before differentiating it. This greatly
reduces the amount of algebra by disposing of these
terms at an early stage rather than waiting until
the late stages of the calculation to discard them.
To do this, insert the following three statements
after line 105:

SECPND = DERIV(0,0)

DERIV(0,0) = TPSEVL(TPS(DERIV(0,0),DT,TORD-1),
DT)
DERIV(0,0) = TPSEVL(TPS(DERIV(0,0),DR,RORD-1),
DR)
Insert
DERIV(0,0) = SECOND
SECOND = O

after line 129.

The second modification increase the running
time of the code for each run, but reduces the num-
ber of runs and therefore the amount of human
intervention. This modification is recommended for
users who have no difficulty getting the necessary
central processor time for a single run. It
consists of looping through the code repeatedly
until no more eliminations can be made with the
current DERM@D. After line 10 insert the following:

INTEGER NPASS = 1
After line 30 insert the following:

AG: CONTINUE
After line 141 insert the following:

REWIND(25)

Replace lines 145 through 147 with the following:

IF(SDER.EQ.0)G@ T¢ BB
Replace line 165 with the following:

BB: CONTINUE

WRITE " END OF PASS'", NPASS
IF(NPASS .GT. 10) G§ T ST
NPASS = NPASS + 1
G# T@ AG

After line 167 insert the following:

50

WRITE (25) SNUM, SDEN

The third set of changes should improve the
core utilization of the program enough to avoid
running out of workspace if the problem is only
slightly too large, and it will reduce the number
of passes through the elimination loop for certain
problems. After line 133, insert the following:

IF(SDER .EQ. O .AND. I + J.NE.O)DERIV(I,J) = O
After line 139 insert the following:

DERIV(0,0) = DERIV(0,0) (SUB(0,0) = DERIV(0,0))
After line 156 insert the following:

IF (I + J .NE. 0) DERIV(I,J) =0



APPENDIX D
FLOW CHARTS FGR THE TIME CERIVATIVE ELIMIMATION PROGRAM

START
I ()

Declarations, set array sizes N1 |i °

and N2, and initialize waxinum
exponents M, MM.

Substitute DERIV fer SUB in
the secondary equation, dis-
carding terms of tco high an
order,

Lires .3-17

v

/ Read R@RD, TPRD, DERMED; NUMER,.

Lines 153-163

Line 21

Is there a secondary
equation?

DEN@M, SDER

If SDER=0 (i.e., na, secondany Lire 147
equation), SNUM=0 and SDEN=T.
Otherwise, read SNGM-and SDEN. f
Lines 23-28
Substitute BERIV for SWB in
: the primary equation, then

eliminate terms of tao high
an onder #n DR and DI Com-
pute an updated NUMHR and
DENGM...

Set up the substitution matrix
SUB, set DERIV equal to SUB.

Lines 33-68 Linex 131-140

! !

Search for the highest order r

s A : g te the needed derivatives

and t derivatives needed; ISRM{J) Conrpu .

is the highest order r derivative > :z;ngtg:gc?:uggIspER ard: TDER

needed for t derivative of order (14) ’

J. i r—5 (OERM@D)= DERIV(E,J).
Lines 75-97 ar ot

Lines 105-122




The PROCEDURE RDER uses the same algorithm as TDER to differentiate A with respect to r.
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START
TDER

Differentiate A with
respect to t (TIM).

Line 13

!

Use chain rule to implicitly
differentiate A through the
dependent variables. Line 18
checks for array overflows.

Lines 17-23

RETURN
Line 25




