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INTEGRAL DIFFUSI O PROBI_E“'S

By S.P. Frankel and %, Welson _ % Y

Section I. Solution of I fatiafioh™
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The diffusion, multiplication, an@ydRESemEtEanIoHE g e,

(,.;h‘mlt..-(cl”fl,

%)wslg

described by the integral equation:

Sm g _x(r’s 2 - 2
P (7, ¢, ) = 'dv'S ds o (v,v!) o™% (1v1) P(Z=s¥/1v1, t-sfive, v') (1) W
T L . pacd s ?{) N
waere £ (7, ¢,9) is the density of neutrons at tire t at position ¥ and of velocity 0.\ )
<

v per unit volume per unit "velocity volume";07(\v!) is the probability mer g (:\’
unit path length for the occurrence of any type of scattering process to a § H
<00

nevtron of speod !vf. Gd(w_;,;;') is the nrobability per unit path length per é é
3 < -» v
unit velocity volume dv that a neutron of velocity v result from a scattering g e)
- (3]
or multiplication process suffercd by a noutron of volocity v': s the distance . .

¢

from the point r to the position of tho scattering or multiplication process.

The range of s is from zoro to Smax @t thc boundary of the modium. If tho
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medium is not homogencous,ov(;;,w?‘) and 9 (1v1) may also bo functions of position.
™o approximations héwo. beon uscd to make the integral cquation mores

tractable: The ncutrons have boon trcated as monochromatic, and tho scattering

and multiplication as isotronic. Corroctions for the orrors introducod by theso
simplifications. arc discussed bolow., For monochromatic noutrons tho magni tudo

- of the vcldeity may bo takon to bo unity by suitablc choice of the unit of timo.
For isotrqqic scattoring and multiplication of monochromatic noutrons Gl(lv’) and

0’(?,377') arc constants, and will be writton as 9 and (1 + f)ad/)-l-‘l"'rospectivoly.

Eereg'is the total cross scction for scattering or multiplication,

=Gy +0y ' g

f = 0plpy (/-1)

7\t |m\_ﬂ_
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procoss, {1 + £)9 /U’l‘ris therefors the meen number of noutrons leavims tho
scene of a collision per unit solid angle. The usc of these approximations
(’.!.oponds on the choicc of an appropriatc average cross scction and volocity.
..... methods of dotermining these appropriate averages will bo discussed in
scction II. With thesc simplifications the integral cquation (1) is best

writton in terms of the total density, f)(l?, t) =fd\7f’(f?, £,v). UNCLASS'FIED

I, 1—> S5 =] = 9
7(2,¢) =‘f_£',l’__;__.z,. 1+ £l r=rt! P(r!, t=jr—r'1) (2)
Fay I

The time dependont solutions of primary intcrcst arc thoso of tho formS’(f?,t) =
S [4
f(r) Oo/t, in particular the highostg’consistent with tho gcomotry spocificd
3
(corresponding to the positive definite cigenfunctions f (¥) ). For such

cxponontial.ly time depondent densitics the intogral cquation takos the form,

£ = (gf;;_'_‘-- 1 £g om0 2T (3)
JIre-rt|2 gy

As here writton, qquations 1 to 3 apply only to homogoncous mcdia, If
the body considercd is of two or morc parts for which the total cross scctions
arc the same but different multiplication propertics thon cquations (2) and (3)
arc corrcct as written if f is undorstood to be the appropriatc function of -
position, If the total cross scction slso changes from ono part of the body
to another thon the factorg” in tho intcgrand must also be mado space dependent
and the cxponontial factor rocxpressed to take account of the variation of G~
along the path—; to _17".

If there is only onc medium, cquation (3) permits a similarity {rans-
formation. Changing the scale of longth so that & =ax changes (3) into an
cquation inf’ (;Z) idontical with (3) excopt for the roplacoment of tho factor
(1 4 f)edy (L % £eg, (e § ) v lopfy) ond the zaomatric snoeifications-rndius,
side, ctc.,, ~ multipliecd by a factor l/gv. Thus o golution of (3) for a

spacificd size and valuc of f,7, a.ndé/implios the oxis“cnco of a solution for

the same valuc of ¢and for a now size, f, and § sucl'},,iﬁ;g/.//zhc reciprocal radius
_ /,’//"5';:» =

(or side, cte.), (1 + ), and (¢

UNCLASSIFIED
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Jmey alwoys be token to bo unity by a suitabls choice of tho unit of longt'ﬁ'?”‘%

B. Tho Charactor of tho Solution in tho intorior. UNCLASS'F’ED
A difforentiol oquation which apnroximates %o tho requircoments of
the Intogrrl cquation (3) in regions far removed from any boundory or intorfaco
of two different medio may be found by taking  to be o solution of tho,l,{,wo.vc
aguntion (A +k2))°= 0. (More strictly by cxpressing f, os con always bo dono,
in torms of such wave ocquation solutions., It is thon soon that only onc valuc
of k can ontor.) Thac intogration on ~17" is then carricd to infinity with
constont £ aad o,
As the genorol '"wave function' (tho term will ho uscd throughout in
the sonsc of a solution of tho cquation (& 4 k2) f) = 0 ) can VYo built up from
plano weve solutions ond the kernel of the integrel oquation is sphorically

syrmctric oand lincar, it sufficos to usc aay onc such, If then

: . 1l (oo . .
otkx 271 4 £ | dn dr 046" +,.ﬂ1)r aikx!
YAy 1 )0

. /1 )
(oo ar o~ (T 46 )rg ds ot TAT

St 5 1

00

=g+ 0| (TR S+ £)  tan i (L)
o kr c o/_l_-_g

or for a hyporbolic wovo function, okx,
’ "].
l=4(1:1) tonh (hr)
x a5

. ol . . N .
Fxpanding the toa ~ to two torms givos an algebraic apvroximation to this rola~

tionship dctermining kfy from f and §/4 .
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EVﬂlu"-\‘hing 1'!/0/ for the critical case (3}- O) and. for, sazxr, £ %x b?ié%‘;’ﬁg'é'“’af’""w“““"“

oguations (4) and (5) gives k/3” = 1.45 and 1.000 rospectively. The two torm
cxpensioin is thus not sufficiontly accurate. (As is to be oxpcctéd sinecso in
this renge the power serics is not coavergent.)

Still another simplc opnroximate cquation is thot of Wslomentary diffu-

sion theory." Troating the flux of noutrons os in olomentary kinctic theoory
givos: ~lv a5 fgfay £
3
N2 )
(/5 )" = 30 ¥/ ) (6)

which is cquivaleat %o cquation 5 for ceritical cascs and small f; for non-

. critical casos (5) gives a valuc of k which is cquol %o the k of (5) dividod .

by the squarc root of 1 & ¥/, . - .

€. Boundory conditions for an aporoximate analytic solution.

The replaceront of the intcgral oquation (3) by the wavo cquation
with its scalo factor dotormined by cquation (4) gives quito accuratoly tho
condition on the form of the ncutron distribution in tho dcop intorior of tho
body and o fair roprcsontation cven closc to the surfacs or interfaces, but it
doos not provids a boundory condition, If the wavo cquotion is uscd to speeify
tho form of thc solution thruout tho intorior or tho intoriors of all tho
soporate regions involved, tho requircment that the wavo cguation solution
sotisfy the intorgra.lchua.tion at tho surfncc supnlios o boundary conditlon,
As the intogral involved is difficult %o ovoluato, cven for the simplcst wavo
fu‘nctions, it is coavoniont to approximote to tho intogral by treating tho
bovindories s plano and roplecing the wave functioi® by the corrcesponding planc
wovae, Thus, for oxomple, ian the problom of the u.ﬁtampod (homogencous) sphoro

tho solution is (sin kr) 6@? wﬁ Dk chgzéofng%laldcbyR%li%sl%:}/ (l}_)_:,?-;mmd the radiue

——
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L { W

f
. i
sin ko z 27 1+f 1 aa\ \are '(‘6— +3 T gin X (o=-,1)
)
]

h?'l. o —.ood
~(r + ¥
1=y (1+1f) icl,'a\ \d £ (cos v -cot Xo sin kMr)
2 .
w0
{/
. i =1
= (14 70) )\ 1 ten™ ¥ - 1 cotkaln| 1+ w}_c_,e_m' \
5 ) ¥ sy 2k (o *+¥) J
\ 2
e rOanm (15 2 (o s )
onknx O (17 £) Lt LT e -1n \1+ 55¥
= AT IS = e
T

In the nroblom of the tamped sphore the body consists of o sphcriéal coro in
which multiplica’cion occu.rs; surroudded by o sphcrical sholl of material (the
tomper) for which o moy or moy not have the sano valuo ﬁs in tho corc.and for
which £ = ¢, Thon in tho core the solution hos the form (sin kr) /r and in
the teepor (sin (k'r-3) }/T)or (siah (B-Hr)/r} ns ¢ is negativo of positive,
The phasce of the gin or sinh at the outer boundary of the tampor is dotermined

by oquation (7) or tho correspo: 1(11*:' con d1t10‘1 for tho sinh:

1-
tan (X'b-3) = -11 (1 +€"“ 3— ]

<fr"+'5r"~
( It
tanh (B-k'd) = ~1n { 1= \&+ )Y/
2 tonh™ /& R YAY
Tty

whoro b is the radius of the outer boundrry of the tomnor. X' is dotormined

‘bv qu'"tlon 4 or U1, uein g the tampsr volue of ¢, on assumed a’ and. £ = 0,
This, with o specificd tomper thickaoss, dotormincs the »hasc of tho tampor
solvution at tho innor surface. The nhase of tho coro solution, henco tho éoro
farlius, is thon doterainod by an cquation similor to (7) vhich oquatos tho

common vrlue of tho two solutlon.s at the intec rface to tho sum of tho two

contributions to the integr N
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4 < l ‘- - u‘!’ ;5\’; e-’”.g_",‘:’iu

1 { . ( k X }] { / Xk 2 //;/ﬁ?@tg-'

cob Xoo 1In{ 1 =\& = cot (k‘ [\,—B) in (1 4 \ o+
e tan—t It

Try P

4|

/oy ) 2
= goth (B-k'a) 1In {1 -( Try Y Y0
tonh™l oy
v

The orrors of this analytic approximation method are confined to

s-10ll regions around tho.boundrrics. Thoy arc thus greatest for small untamped

spheres and vanish with incree s1ng corc and tomper thickness.
The boundary condition consistont with tho assumptions of the ‘ ‘

clemontory diffusion theory is the continuity of tho density and its doriva-

tivo divided by -, This roquires the vaasishing ox,} at tho outer boundary

which is at variance bothwith the analytic approximation ond numerical

results. Tho offsct, tho distance from the boundary to the zoro of tho (i

analytic solutlol, is onc half mecon frec path for a critical tamped sphore or S

for aan infinite untamped sphere and approximately one half for finito sizo

and )y ¥ The olemontéry‘diffusion thoory is thereforec roosonably accurate only !

for radii very large compared with a half mecan froo path. . \\ |

Sonc results of the three methods of calculations which are of

interost are:
) radius el.
anal. numer, diff.,
=%, ¥ = 0, untamped . 1.80 1.73 2,57

y
!

f =%, i =0, tampor thickncss 2 1.31 1.34 1.60

)
1
!
)
-
o
]

0, iafinitc tamper 1.07 —— 1.28

D. Tho cxact solution of the integral cquations.
Sinco the integrol cquation is linear and homogencous a solution can
bo found by successive opplicntion of the integral oporation to an assumed trial

function, The assumed trial function will cons1st of :;;/pnorposition of

/
cigenfunctions of the cquation. The fu.dﬂmontal moﬁe ”//:;Espondlng to tho et
- f’ ,/21 - - _«-V.

e

hlghovt 01g walue, will pre

* In error; Cf. LA-8.
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Since the fundamental is the oaly solution which is overywhero positive thoro
is no donger of choosing o trial function which contains it only in small
part, For a sphere, tamped or untampo&g the integral cquation (3)‘by doing
the angular intogrations, can be put in tho form.

wr) = re(r) = {’dr' 1L+ 7 u(r) . {:E(r—r‘) - B (r+r')]
’ } 1+,

-

ot

R&)

Whore E(X) = Jﬁ‘ oV dy

’ x ¥
For o ;crnol of this typo, consisting of tho sum of two torms which for
difforent r values diffzr only by o dispinccmcnt in r!', tho intecgration can bo
carricil out num orically with éomparativo cesci This easo of intogration
permits the iteration to be continued until any desired accuracy is attained.
By this mcons ¥ was detormined for o considercoblc numbor of choicos of f ond
the inner and outer radii, By comparison with these cxact solutions tho ’
occuracy of various oanalytic approximations considered has been ascortained.

Work is in progress which it is hoped will load to an exact anélytic

solution to tho problom or at lecast to a better analytic approximation.

Scction II. The Evaluqtion of the Physical Constants

In probloms in which tho slowing of the ncutrons or tho inhomo-
ganeity of tho noutron spectrun is significant this inhomogencity can bo
tokon into account by trenting the ncutrons as soparated into two or throo
phasos, tho slowing being ropresentod by transitions from ono phasc to another.
Thase problems have been treatod by Scerbor using olementary diffusion theory.
This same mothod can bo applied to the intogral troatmont.

If the scattering of the ncutrons cannot bo troated as isotropic the
integral oguation (3) must bo modifiod, There will still oxist o uniquo wovo

function solution dbut the dotermination of ¥k will dcpend on tho dotails of tho

angular distribution, In Qgc llmltm9¢c§g§¥}
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e

s _,...-»-:“':' ““““
s Y N / e
as the tronsport erods-scction (l-cas$)q (@ )« ~ If k is cosiparable with

wity cquetion (U4) nay be replaced by:

/

1+3/vm = g™ - gl i (1 - _ton~1 4
1+ f ye }WT;':"-;T K
1~ 6T 1 - tem™ )0
WY G
N CEED) Y4
wheke J{ = X aiid oy and 7, are tho first two Legendre coofficicnts in

TT =y

the scattoering cross-soction, Similor cztended cxprossibns can bo used if

tho higher lLegondre docfficionts are significant. Theso oguations arc dorived

from tha oxoet solution:
w, 0
T o = .
‘,{";, o /n ( ’,‘\,\_ ) - 1 (‘ . ?’(.“ ():,"/;7 //’J// (l*fdf )
: TR A -- no’ -
T % Q=0 en 4+ 1

vhore the a's arc the Legondre coofficionts of tho &ngular distribution of

tho noutrons.
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Thac determination of the critical mass of o fissionoblo &

he rate of growth or decoy of the ncutron distribution in a non-ckitical

¢ anount of the nateriol denonds on the solution of an intogral oquation.

‘f)(r) = { ar! 1l - f a4 —-(.7.— ...(';':; ‘.r...r'l '(rl)
Jr —riie TSN 4 f‘ (2)

tero 4 (r) is the donsity of ncutrons at tho noint r without rogard for
&irgction of motion.';r is the rcciprocal mean free path for any type of
cnllision, scattering, capturc, or fission, It is horc assumcd that all of
the scattoring is isotropic and that all cross-soctions arc indepondont of
velocity., The fact thot tho actual scattering is notisotropic can bo taken
into account by introducing for the scattoring cmoss-scction an aprnropriato
dvoragc value. The nature of this averdging »rocess is discussod in soction
i1, Sinilorly it is to be assuned that 2ll nouvtrons have an appropriatc noan
volocityl The above intogral cquation epplios only to thio dominant solution of
ho tino-dependeont integral cquation, that solution which incrensos nost
ropidly or decrcascs most slowly in tinme, with tho time dopondohcc ont. t
is hore neosurod in units such that éﬁc volocity is unity. 1 + f ropresonts
the multiplication of the ncutrons per collision, thus for cach ncutron celli-
sion a nean aumber 1 + f ncutrons omorge. Tho nbove cquation is obtained by
cquating the ncutron density n~t cach point to the sum of the contributioans to
it from 2ll other peints, talzing account of tho attonuation duc to scattering
and the change in tino of the scalc nf the distribution.

Tic sinplest approach to the solution of tho ,©cquation (a) is o
usec tho a@proximation of clomontary diffusion theory, tho assumption that the
nsutron dongityr chonges very slightly within a nmcan froc path and vory slowly
with time. With this opproximation the intogrsl cquation is roplaceod by a
difforential cquation of the form:

(6 + K) A a0 K = 3(f -

obtained fron a continuity %ﬁ%gé“.
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cnnc‘.ifion conaistont with this troo.tnonﬁ{ ie tho assunption _
* boundnry tho noutron donsi ty vonishos and that af nn; intorfaco of two typos
of ratorial tho donesity and flux is t:ontinv.ou's.

¥ith this opproxiration the efitlca’ radiue con bo foundi For f w
“hich 18 consistont with prasont knowlodge of thou physical constants involvod,
tho eritieal rodius for a nokod sphorqa is 2i57 nocoa froo upaths. 80 snall a
rodius 18 Hot consisfont with the assurption of a slowly vorying noutron
dlstribution, Ihoroforo; no¥o accurnto nothods of solution are roquirod,

A bottor approxination to tho intogral oquation is obtainod by
assuning that tho noutrén distribution is o wavo function solution, ol¥X o
olr“f,..'o.nd ovaluating k by substitution in tho intogral oquation, (assuriing tho

boundarios’ infinitoly for fron tho rogion considorcd.) This givos for k

14 Yo = tm}"'l ko + ¥ or tanh™ k/« +&  rospoctivoly. (c)
1+f " Y S k[ +

The valuo of k so dotorminod glvoes vory accuratoly tho shapo of tho noutron
" distribution in tho intorior, holding good to within snbout o half a noan froo

path of tho boundary, In the 1linit of small k tho abovo oxprossion roducos to

X e 3 (14 &) (£-2 (a)
o et

In tho 1irit of snnll f and & this roducos to (b). Weilo for largo k both
(d) and (b) aro gquito wrong, for srall k (d) is moro accurntc than (b),
particularly if f and & aro approciablo.

With tho intorior bohavior of tho snlution dotornminod by (c¢) it is
only nocossary to find an appropriato boundery conditj.on to havo an analytic
epproxzination to tho solution, Tho boundary condition that has boon uscd is
the roquiromont thot if tho intorior solution bo continuod to tho surfaco it

thoro satisfy tho 1ntogi‘al oq_uo.tioﬁ. This loads for » t:mical untanpod sphoro

to & sino solution venishing about ono half -can froc prash »v'pc@tho boundary,

e

8inco tho intogral oga

APPROVED FOR PUBLI C RELEASE
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soquion‘can bo found by itoration. A trinl function ies assumod =
gral oﬁaration applicd ropoatedly until tho succoasive approximants to P différ
only by a constapt factor. Tho intogral owcralor for a sphoro can be put into
~ nurorically convoniont forn so that the intogration ~an bo earricd out with
coisiderablo aﬁcuracy. This process has boon carrizé out roughly for nany
cnsos ond consciontiously for a fow cascs and proves that tho analyéic approx-
inntion proviously discussod is roliablc for both tampdd and untempod sphores
to about .Oi in ¥/,

Tho cprondod curves givo tho rosults of this analyais.

In ahy porticular casc of 1ntofost for a tanpod or untanpod sphoro ¢°
con bo dotormined with groat accuracy by numoricel intogration using tho
caalytic opproxination as a first trial function.

It has provod possible to find oxact analytic solutions to the intogral
oquation for tho untanped or infinitely tamped half-infinito slab. It is
hopod that ‘tho sano nothods nay load to oxact solutions for tho sphorical

prodlons.

APPROVED FOR PUBLI C RELEASE
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