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RECONSTRUCTION OF RADIAL FISSION=PRODUCT DISTRIBUTIONS
IN REACTOR FUELS FROM A SMALL NUMBER OF PROJECTICNS

B. k, Barnes, J. R. Phillips, and M, L. Barnes

Los Alamos National Laboratory
Los Alamos, New Mexico B7545

Four mathematical techniques for reconstruction of the radial two-dimensional dis-
tribution of fission proa.nts using projections obtained by nondestructive gamma
scanning were evaluated, Meronstruction of a picture from a finite set of projec-
tinns {3 mathematically indetermirate; therc¢fore, recor-truction techniques are
heuristic, particular.y when only a small number of projectinns are available, 0f
the techniques evaluated, the filterec backprojection algorithm provided the best
reconstruction for simulated qamma-ray sourcec, as well as for actual irradiated

fuel material,

1, INTEGRCTTION

hor destru-tive tweaturement techniguees have
hear applin:l *: a4 wids varaety «f maasap ement
pro- lemy aserciated with the charaiterization
of drcadicies fyr]l materialy, Mne partiCu-
lar ty ysefal nendestructive techaique 1y qar-
ma scanrang, Pracision gqamma scanning has
henn ysetl hy mary investigators to mneasure
tvee anral anntnpe dintributinn of fiusion
proadycts, Tur rastidl Isotopic dicrteabhatione
6t Yansine pragcrs Baer g g2ty heen meas-
weed by qo-timing tae Fael rorl anit per.

fa neq ot weqo et analyses by namma .cavninn
o oleetror marrarrobe, Lo tremnique wa el
velaped at e e Llama, fiatiosnal abor gloey
ta 081 nonondesten-tavely tnn tweodimen,aon.
A cretrabation Aaf Nycaen proafucts at woee
cifac arial paaathons hy meyegring digmotral
SoAtL N ettt twe or more ang o far
provee i e g analytically anfalding thewe
ICEENUTE ST AN |

Wie Ao pealuated the applacasility nt fogr
't t cac mntoy-tion techofg . tn e,
frrmane which unve nf e feche bgaey prisy i,
the 'ent rerarategcte) diatenl gtinon,  Thigw
four techoc e (e the TWONY (1,0) al-
e aeoptinpeg at o Alamng, a falterm
haraproie-tion Fow ter transform toyh.
nmige,'3,4) a wmttiplicatove alaehvars ot
Ative reyangtry: tion techn fgue (MART) (3 0)
Al fanglly, a venent adgitation ot thy

At ate Peconstry-taion Techo igue algorthm
(APT1 to A masimm entrapy criter himn
(MIN!Y, TR [ach nf tuscp reconstriyctinn
tecthniqaes was applied to »imilated gamma.rayv
sonrcen, that representei tvpical diste {hy.
tinng of frocum profacts within trrahaten
fuel pping,  Alus, the (echuigues were ysel tn
reoconstruct the v tial figtrihietions of fae.
sion products frowm vnp exparimenta’ 'y meay, -
ured projectiont of { tqht Wate, Heactor (1WK)
and Fast Hreeder e, 1 tor (FRR) trradiates
tuel rods.

7. THEOREYVICAL BATKGROULND

Reconstruction of imayes from prijections has
many scientific and medical aprlicatinng
where the invasion or destruction of the ot
ject i< unacceptable. This noninvasive te:n-
nigue 1r procedure has been laheled many
things: “computed tomoqraphy,” “compaterizos!
axial tnmography," "transaxial tomograpny,”
and “recnnatructionn from projections," Le-
qardless of the varving names of the tech-
niques, the procedure iy that of mathermat-
cally comhining projections fram radiation
emissions or tranamiss.onsg at varagy anele
to ohtain an accurate representation of th
ariainal ohtect,

The firqt worhk 1n the reconstractnim pf g

ob ject possessing carcnlar symmetry from pro-
fections wa. pahlishedl in 1826 hy Al 00y
Prohahly the first qroundwora for tne
present-day procedures was lan! v el o
the Austrian mathematic tan Raon,{») who
solved the hasic mathematics ot the protede |
Radon's significant contribmtion wa. a set ¢
integral equationy tuat retatmi two. imen.
smnal, non-symmetr i obdects te the e
jections, tie mathematically proved that a
twi- or threp-dimensinng! whviest van pe
uriginely reconstructed from an infimite set
Nt oty projectinng,  Tnese formulas have
served ay the hasts of the theoretical and
rractical deyvalopment nf the revonstractaan
technique, The recent application of recon-
struction technigues has heen tied ta tny
develnpment of computer technolugy hevanse nt
the tremoncdimy numher of vompytatinng (n-
volved,

The nput data for all nf these technigues
are projecitons ohtatned at twn or more angu-
lar ortentations, 1n Fig, | the functinn
alx,y) repre.ents the distrihution of the
physiial property of Interest .- In our par-
ticular case, the radial distribution of a
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Figqure 1: Each projection 1s an estimate of
the line integral of the function gfx,v),
where the line of integration is specified by
the parameters s and @, Geometrical relatinn
between a two-dimensional source g(x,y) and
the measured prnjection €als, a),

fission product. The projection data are
estimates cf the line integral of the func-
tion qlx,y), where the line of integration is
specified by the parameters s and o, The s,t
axes arc rotated by an angle @ from the x,v
aves, Then, the line intenral of g along the
line specified by ‘s,e) can be denoted by
[«a)ls,n), wrere & {s the Radon operdior
(named in honcr of Radon), The function é'g
is abtained Liy a4 line integral alonqg t as
[4ql(s,0) = _f gls* cos @ - t+ sin e,

cw srsina <+ te cos @lat . (1)

Radon was the first to study this transfor-
matine that maps a function ¢ into a function
#q, and subsequently, the inverse transfor-
matinns ta cnmpute a from&ic,(9,10)

The reconstruction of f{wages from projecticns
1§ hased on the developmert af techniques for
solving variations of the ahove integral
equation, Nn sinale technigue has heen foun,
capahle nf satisfactor ily processing the wide
variety of profention-meacurement aeometr ies
and tne quantity end precision of data that
orewr I practiral applications,

1n the measurements of i%otopic distrilmt.ons
of fiishon producty in {rraditted fuel pins,
the data may he considered to be projection
measyrements o asts of line integrals of
qamma-ray emissiun at definite steps across
the diameter of tie pin,

A1l of the reconstruction techniques are

, limited because they can only prnvide an es-
. timate of the internal density distribution,
Mathematical reconsvtruction from a finite set
of projection data is xnown to “e an indeter-
minate prohlem,(11,12) A very large numhor
of algorithms exist. for recanstructing ob-

ects from their projections. ]t woyld be
se’u1 to have so %utde ines to determine

which algorithms are most appropriate under
specific circumstances. Unfortunately, 1it-
tle has been published in this direction.

Several criteria must be kept in mind when
selecting a reconstruction algorithm, First
and most important is the requirement that
the reconstruction be consistent with the
data available to the algorithm (artifacts
are not introduced). This means that the
projections (ray-sum) of the recanstructed
picture should be the same as the ray-sum of
tre original distribution. With a finite
number of projections, an approximation is
the best result that can be attained.(13)

Secondly, a simple way must be available nf
deciding whether the reconstruction algoritnm
has successfully approximated the original
distribution. A third factor involves the
cost (manpower and financial) of applying a
specific reconstruction algorithm. In actual
applications, a large number of reconstruc.-
tions and interpolations are involved and
these may be cost prohihitive,

There are two ways of comparing recon.truc-
tion algorithms: theoretical and exper imen-
tal. A theoretical comparison can be eitner
a mathematical or a purely descriptive dis-
cussion of the nature of the methods under
consideration (for example, method A is bel-
ter than metnod B becCd'tse it has a certain
desirable property), The experimentai metnod
of comparison consists elther of construntine
test objects (phantomy) ard physically tawing
their projections, or of cesigning test pat-
terns &nd working out thei- projections
matnematically: {n either caqe, the varioa
algor ithms arn used on the projectlon data,
and the reconstructions are then compared t.
the original distribution.(11)

1. Backprojection

The most comman recpnstruct{ion algoratie e
cludes an operation referred to as hackpro-
Jectinn, based on the previously describe!
work of Radon,(B8) Fundamental to under-
standing reconstruction from projectinn 1y
the central-clice, or projection-slice,
theorem, This theorem stafes "that a one-
mensional Fourier transform of a one-
dimensional projection of a two-dimensional
oliject 1s mathematically tdentical to unc
1ine (a slice) through the two-dimensional
Four ier transform of the object itself,
Thus, knowledge of all one-dimensional pro-
Jections {s suffiiient to synthesize the twn-
dimensional transform of the object from
which the object 1s readily obtained by an
inverse two-dimensytonal traniform,”(14)

The quality of the projection Images can hwe
improved by using appropriate correcting
ungtions, Correcting in the Fourler Spagrs
‘s 5one gy taking theqFOur er trans?ormpov



the degraded image, multiplying tye transform
by a correcting filter function, and per-
forming the irverse Fourier transform, The
filter we used performed a ramp function that
tended to filter out hinh-freguency noisc,

The Four fer method depends on transforming
the projections into Fourier space, where
they define part of the Fourier transform of
the whole object, Each projection may be
shown to yield values on a central section of
Fourier space, which is a line or plane (cor-
responding to the two- or three-dimensionai
problem) through the origin at an angle cor-
responding to the direction of the projection
in real space, An attempt 1s then nuade to
interpolate the unknown values of the full
Fourier transform from the values on the cen-
tral sections, After interpolation & reverse
Four ier transform provides an esi\imate of the
ohject's ,tructure,

?. lterative Techniques

1terative techniques are th: bau.s of another
set nf algorithms used in the re~onstruction
of distribations from projections, Cie iter-
ative technique {s the a'nehraic reconstruc-
tion technique (ART), It can be called a
"direct technique” bhecause the reconstruc-
tion i{s rone entirely in real space without
using Fourier transforms,

As the number of projections increase, ART
resultes yradualiv improve, 1n Herman, (15)
eight projections seems to be a "critical”
numher with five {terations producing "su-
perior" results. 1t should he emphasized
that nne can onty hope to obtain a reasonahle
representation, since it has heen proved that
a nortrivial picture zannot hie uniguelv de-
termined from a finite numher of pro-
tlectiang, f11)

Gordon erplaing the hasic idea hehind ART:
"Ctarting from a hlank picture, the ray-sums
of all thr pronjections are satisfied one af-
tr the nther iy distribnting the difference
hetwaen thc desired ray-sum and the actnal
ray-sum squally among all the points in the
rav. While satisfying the ray-sums of a par-
ticutar projection, the process usua)ly dis-
turbs the ray-sims of previously satisfied
projertinny, ‘towever, As we repeatedly qo
throu'th satisfying all the projections, the
disturtiances net <smaller and smaller, and
eventually the method converaqes to a picture
which satisfies all projections,"(1%)

Because chanyes are made fairly uniformly,
the final product is the smothest recon.
struction satisfying the given projections,
In qenergl, the reconstructed image shows
only those features that are forced on it by
the projections and not thnge features
introduced by the reconstruction process,

One iteration 1s considered to bn the process
of satisfying all projections one after the
other only once. Predictably, accuracy of
ART increases with the number of {terations,
At first, the successive p’ciures become pro-
gressively better, but once an "optimum stop-
ping point" is passed, the reconstructions
hecome progrrssively worse. This phenomenon
has been further examined by nerman et
a1.(16) One myst remember that the "ideal
outcome cannot be attained due to iimitations
on the amount and quality of data as well as
the reconstruction algorithms themselves."(17)

1terative methods may differ in the way the
corrections are calculated and reappliec dur-
ing each iteration, 1n Gordon's tutorial on
ART /17) he states that the choice be-ween
additive ART and rultiplicative ART (MART)
depends on tne physics of the radiation

used. “"For transmitted radiaticn, the form
of the reconstructed object should be inde-
pendent of an acditive constant, Such & con-
stant may result from variable exposure in an
x-ray, varishle development of the tilm, or
an intervening filter,,,."

In studies by Minerho and Sanderson,’5\ and
Gordon, Bender, and tlerman, (18) MART recon-
struction was claimed to he able to produce a
solution with the largest maximum entropy,

As early as 1971, Gordon, Render, and Hernan
were {rying to develup reconstruction a)-
gorithms that wonld qive sciutinns that wers
mnimalty biased hecausr of marimized en-
tropv. 1t has been noted (15) hut not prowe
tor thr general case that since the entrop.
of the source funztion luncreases witn iter-
ation when the multiplicative ART algoriine
fs use, there is & relation butween MAXT an!
the maxim.n sntropy solption,

Onie iterative atanriihm, maxiwr ontrop,
(M[NT), has heen imp'emented to produce a
max.murm enteopy solutinn to the pral s o
reconslructing a soce fram A discrete el
of projections.(6) 1n general, maxirn con-
tropy techniques are pmwerfyl iyt expeasive
with respect to compating time, From the
standpoint af antarmation thenvy, the ng.rmm
sntropy rechnique 1< corceptnally attrac-
tive, 1t ylelis the Image with the lowes:
foformation content consistent with the
available data, Thus with thie approach e
avalds introducing extranenys information ov
artificial structures, The problen f recon.
structing a source distrihution from a
1imited number of pronjertions 18 known ta he
{ndeterminate, "A maximum entropy method
thus seems Attracttve for this problen,

espec 1ally when the availahle prejection data
are incomplete or deqraded hy noise er-
rors,"(6) By heing an imleterminate prohlem,
it 1s impliad that an Infinite number of aan-
uninue soluting ran satisfy the limiting
criteria impourit on the solutton by the



actual data. When the data source has a sim-
ple structure or is close to circular sym-
metry in shape, one can nse this a priori
knowledge to eliminate various "unacceptable"
results.

MENT ma oe considered an iterative technique
for solving a constrained optimization prob-
lem., A constraint approach enhances a de-
sired feature of the data at the expense of
blurring other parts. The maxinum entropy
approack will not introduce new information
but may not reproduce all "real" information
either. (6)

Minerbo has shuwn (6) that with a small num-
ber of views (<10) iterative methods geneval-
ly perform better than either Fourier space
inversions or convolutional backprojection
methods. MENT was originally developed to
provide a marimum entropy solution that would
not exhibit some of the "streaking" artifacts
of APT and MART, which occur with a small
numher of projectionc,

3. Geometrical Unfolding

The original unfolding technique developed a*
Los Alamos, Two-dimensional (TWODIM),(1,?)
involved the computation of the source inten-
sity of successive rings that were defined by
the «<tepsize of the diametral scans or pri-
jectiens, This successive solution of each
ring has the tendency to he highly dependent
on the noise of the prnjection data, A sub-
sequent modification of the technique elimin-
ated this instability prohlem but decreased
the resolution of the technique.

4. Summary of Algorithms

we have evaluated the applicahility of four
techniques: bhackprojection, MART, MENT, and
TWODIM, for reconstructing projections of a
fission product to ohtain the hest estimate
0f 1ts two-dimensional distribution, The
filtered hackprojectinn technique appearec to
be superior for all of our test cases, °S
well as for the fuel specimens examined.

3. DISCUSSION

A simulated gamma-ray source was used 0
evaludte the applicability nf eachr of the
four alpurithme for reconstructing the origi-
nai distributinon, Fiqure ? shows one such
simylated gamma-ray source: & narrow ring
source super imposed on a solid source with
the entire source skewed over the simulated
scan region to reflact a 10 percent change
across the diameter of the fuel rod. This
type of source distrihution is similar to the
distribtution of a volatile fission product
that migrates radially to the pellet-claiding

interface (1.e., cesium and indine iso-
topes). The 30 percent change across the
diamater was included to ensure asymmetrical
projections, From this test case, six pro-
jections were calculated at 30 1intervals
from 0° to 150" and used as input for the
reconstruction zlgorithms. The filter-c
backprojection Fourier transform technique
resulted in the best reconstruction, The
results are shown in Fig. 3.

The backprojection algorithm 1s best suitzd
for a large number of projections; therefore,
we used a linear interpolation technique to
generate projections that wouid 1ie between
the six projections. This interpolation pro-
cess does not increase the stated information
content of the reconstruction, but does pro-
duce a reconstruction more consistent with
the known circular shape cf the fuel pin,

The concept is stinilar to that of smoothing
data to 'mprove its appearance even when Some
information is actually lost in the process,

The filtered backprojection reconstruction
technigue was used to analyze the projection
data obtained from an FBR fuel pin, The tuel
specimen was 0.538 c¢cm in diameter and had a
burnup of 19,2 at, p?rsent. Fiqure 4 shows
the results for &hn 37Cs {sotovic distri-
bution with the 137Cs peing deposited

the outer regions of the fuel, just on tue
inside surface of the stainless steel clad-
ding. The relative radial positinn of the
cladding is given by the 60Co distribution
in Fig, 5,

4, CONCLUSIONRS

Of the four reconstruction techniques evaln-
ated, the filt- ed backprojec-ion technigue
provided the nost consistent results fur both
the .!‘mulated gamma-ray sources nd experi-
mentally-measured fuel pin, This is the only
availanle technique for measuring nondestruc-
tively the two-diuensional radial distribu-
tions of fission products ~ithin irradiaten
fuel materials, Both FBR and LWR fuel rods
have heen characterizeit using thas recim-
struction technique, which s now an integrai
part of the fuel characterization program at
the Los Alamos National Lahoratory.
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