Invariance and
Electrodynamics

The theories that make up the standard model are all based on the
principle of local symmetry. The simplest example of a local sym-
metry is the extension of the global phase invariance discussed at the
end of Note 2 to local phase invariance. As we will derive below, the
requirement that a theory be invariant under local phase transforma-
tions implies the existence of a gauge field in the theory that mediates
or carries the “force” between the matter fields. For electrodynamics
the gauge field is the electromagnetic vector potential 4,(x) and its
quantum particle is the massless photon. In addition, in the standard
model the gauge fields mediating the strong interactions between the
quarks are the massless gluon fields and the gauge fields mediating
the weak interactions are the fields for thé massive Z° and W= weak
bosons.

To illustrate these principles we extend the global phase invariance
ofthe Lagrangian of Eq. 1 to a theory that has local phase invariance.
Thus, we require £ to have the same form for ¢’(x) and ¢(x), where
the local phase transformation is defined by

@’(x) = e Pp(x) . (30)
The potential energy,
Wo.0") = m’ofo + MoTe), (31

already has this symmetry, but the kinetic energy, 6“(pT6p<p, clearly

Spontaneous
)Breaking of Local
Phase Invariance

We now show that spontaneous breaking of local symmetry im-
plies that the associated vector boson has a mass, in spite of the fact
that 4*4, by itself is not locally phase invariant. Much of the
calculation in Note 3 can be translated to the Lagrangian of Eq. 38. In
fact, the calculation is identical from Eq. 16 to Eq. 18, so the first new
step is to substitute Eq. 17 into Eq. 38. The only significantly new part

does not, since

3,07(x) = & [d,0 + (3, )0 . (32)

£ does not have local phase invariance if the Lagrangian of the
transformed fields depends on s(x) or its derivatives. The way to
eliminate the d,& dependence is to add a new field A4,(x) called the
gauge field and then require the local symmetry transformation law
for this new field to cancel the d,e term in Eq. 32. The gauge field can
be added by generalizing the derivative d, to D,,, where
D, =3, — ied,(x) . (33)
This is just the minimal-coupling procedure of electrodynamics. We
can then make a kinetic energy term of the form (D“(p)T(ngo) if we
require that

D’ (x) = e™™D,p(x) . (34)

When written out with Eq. 33, Eq. 34 becomes an equation for 4/(x)
in terms of A4,,(x), which is easily solved to give

Al(x) = Au(x) + -g 3,8(x) . (335)

Equation 35 prescribes how the gauge field transforms under the local
phase symmetry.

Thus the first step to modifying Eq. 1 to be a theory with local
phase invariance is simply to replace d, by D, in Z. (A slightly
generalized form of this trick is used in the construction of all the
theories in the standard model.) With this procedure the dominant
interaction of the gauge field 4*(x) with the matter field ¢ is in the
form of a current times the gauge field, e/*4,,, where J,, is the current
defined in Eq. 14.

of the calculation is replacing 6“(pT6u<p by (D“(p)T(Dugo). However,
instead of simply substituting Eq. 17 for ¢ and computing
(D“(p)T(qu)) directly, it is convenient to make a local phase trans-
formation first:

o) = le—[p(X) + o] explin(x)/90) @1)

where @(x) = [p(x) + (po]/\/i. (The local phase invariance permits us
to remove the phase of @(x) at every space-time point.) We
emphasize the difference between Eqs. 17 and 41: Eq. 17 defines the
p(x) and n(x) fields; Eq. 41 is a local phase transformation of ¢(x) by
angle n(x). Don’t be fooled by the formal similarity of the two
equations. Thus, we may write Eq. 38 in terms of ¢(x)=[p(x) +
(po]/\/§ and obtain



This leaves a problem. If we simply replace d,¢ by D,¢ in the
Lagrangian and then derive the equations of motion for 4,, we find
that 4, is proportional to the current J,. The 4, field equation has no
space-time derivatives and therefore 4,(x) does not propagate. If we
want 4, to correspond to the electromagnetic field potential, we must
add a kinetic energy term for it to &

The problem then is to find a locally phase invariant kinetic energy
term for 4,(x). Note that the combination of covariant derivatives
DyD, — D,D,, when acting on any function, contains no derivatives
of the function. We define the electromagnetic field tensor of elec-
trodynamics as

Fov =< [Dy, D)=y = A, . (36)

It contains derivatives of 4. Its transformation law under the local
symmetry is

v = Fuy (37
Thus, it is completely trivial to write down a term that is quadratic in

the derivatives of 4,,, which would be an appropriate kinetic energy
term. A fully phase invariant generalization of Eq. la is

I
& == 3 P"F,, + (DY) (Dup) — mPoTp — MoTp)’. (38)

We should emphasize that & has no mass term for 4,(x). Thus, when
the fields correspond directly to the particles in Eq. 38, the vector
particles described by A4,(x) are massless. In fact, 4*4, is not in-
variant under the gauge transformation in Eq. 35, so it is not obvious
how the A, field can acquire a mass if the theory does have local
phase invariance. In Note 6 we will show how the gauge field
becomes massive through spontaneous symmetry breaking. This is

I I 2
L == FWFut 5 0pd,p + 5 (o + 0Pk,

2
= oo — 2 o+ 0ol )
(At the expense of a little algebra, the calculation can be done the
other way. First substitute Eq. 17 for ¢ in Eq. 38. One then finds an
A%, m term in & that can be removed using the local phase trans-
formation A4} = A4, — [1/(e@o)|dum, p’ = p, and n’ = 0. Equation 42
then follows, although this method requires some effort. Thus, a
reason for doing the calculation in the order of Eq. 41 is that the
algebra gets messy rather quickly if the local symmetry is not used
early in the calculation of the electroweak case. However, in principle
it makes little difference.)
The Lagrangian in Eq. 42 is an amazing result: the n field has

the key to understanding the electroweak theory.

We now rediscover the Lagrangian of electrodynamics for the
interaction of electrons and photons following the same procedure
that we used for the complex scalar field. We begin with the kinetic
energy term for a Dirac field of the electron v, replace 4, by D,
defined in Eq. 33, and then add — %F*"F,,, where F*¥ is defined in
Eq. 36. The Lagrangian for a free Dirac field is

fDirac = \I/(iyuap - m)w > (39)

where y* are the four Dirac y matrices and y = y'y,. Straightening out
the definition of the v* matrices and the components of y is the
problem of describing a spin-%2 particle in a theory with Lorentz
invariance. We leave the details of the Dirac theory to textbooks, but
note that we will use some of these details when we finally write down
the interactions of the quarks and leptons. The interaction of the
electron field y with the electromagnetic field follows by replacing d,,
by D,. The electrodynamic Lagrangian is

1 -
L == 3 PFu+ y(i¥* Dy — my, (40a)
where the interaction term in /yy*D,y has the form
ZLinteraction = E\IIYH\VA“ = eJﬁmAH 5 (40b)

where JE™= yy,y is the electromagnetic current of the electron.
What is amazing about the standard model is that all the electroweak
and strong interactions between fermions and vector bosons are
similar in form to Eq. 40b, and much phenomenology can be
understood in terms of such interaction terms as long as we can
approximate the quantum fields with the classical solutions.

vanished from & altogether (according to Eq. 41, it was simply a
gauge artifact), and there is a term 2’3 A*4, in &, which is a mass
term for the vector particle. Thus, the massless particle of the global
case has become the longitudinal mode of a massive vector particle,
and there is only one scalar particle p left in the theory. In somewhat
more picturesque language the vector boson has eaten the Goldstone
boson and become heavy from the feast. However, the existence of
the vector boson mass terms should not be understood in isolation:
the phase invariance of Eq. 42 determines the form of the interaction
of the massive A, field with the p field.

This calculation makes it clear that it can be tricky to derive the
spectrum of a theory with local symmetry and spontaneous sym-
metry breaking. Theoretical physicists have taken great care to
confirm that this interpretation is correct and that it generalizes to the
full quantum field theory.




Yang-Mills
Theories

The standard model possesses symmetries of the type described in
Note 4, except that they are local. Thus, we need to carry out the
calculations of Note 5 for Lie-group symmetries. As the reader might
expect, this requires replacing &(x) of Eq. 13 by a matrix or, equiv-
alently, the matrix of Eq. 21 by a matrix function of x, £%(x)7,. The
Yang-Mills Lagrangian can be derived by mimicking with matrix
functions Egs. 34 to 38.

The internal, local transformation of the ¢ field (¢ is a column
vector with components @;, where 7 runs from 1 to n) is
o'(x) = " Ve(x), (43)
which is formally identical to Eq. 30, except that e(x) is now an n-by-n
matrix. Thus,

g(x) =e(x)T,, (44)
where the sum on a is over the N independent symmetries. Equation
43 is a symmetry of the potential energy
V=wo'o+ MoTo), (45)
ife(x) in Eq. 44 is a Hermitian matrix (that is, if 7, = 77 and the €%(x)
are real functions). The kinetic energy (6“(p)T(6p<p) can be made phase
invariant by extending d, to D,, analogous to Eq. 33 for electro-
dynamics:

D, =, —ied, (46)

(46b)
so that 4, is an n-by-n matrix that acts on the ¢ vector. Just as for Eq.

35, the transformation properties of 4, are derived from the equation

D}g’(x) = €™ Dyo(x) . (47)

After some matrix manipulation one finds the solution of Eq. 47 for
Al (x) in terms of 4,(x) to be

) . |
A}'L(X) — elE(X) Ap(x)e—zs(x) — ; GHE(X) ,

where ¢ %) is the inverse of the matrix /%) . With these require-
ments, it is easily seen that (D“(p)T(qu)) 1s invariant under the group
of local transformations.

The calculation of the field tensor is formally identical to Eq. 36,
except we must take into account that 4,(x) is a matrix. Thus, we
define a matrix F,, field tensor as
Fu = —[Dy.Dy|=

udy, — 8,4, — ie[A, Ay . (49)

I
e
There is a field tensor for each group generator, and some further
matrix manipulation plus Eq. 26 gives the components,

F&,= 3,45 — 8,48 + ef " Ap Ay . (50)

The transformation law for the matrix F, is

Fly= e’s(x)vae_is(x) . (51)
Thus, we can write down a kinetic energy term in analogy to
electrodynamics:

i

(52)

L \cinetic energy — Z

The locally invariant Yang-Mills Lagrangian for spinless fields cou-
pled to the vector bosons is

1 .
& == FL P+ (D*) (Do) — n?ole — AeTo) . (53)

Just as in electrodynamics, we can add fermions to the theory in
the form
ffermion

= y(iy* D, — mpy, (34)

where D, is defined in Eq. 46 and y is a column vector with »pentries
(ns = number of fermions). The matrices T, in D, for the fermion
covariant derivative are usually different from the matrices for the
spinless fields, since there is no requirement that ¢ and y need to
belong to the same representation of the group. It is, of course,
necessary for the sets of 7, matrices to satisfy the commutation
relations of Eq. 26 with the same set of structure constants.

We will not look at the general case of spontaneous symmetry
breaking in a Yang-Mills theory, which is a messy problem
mathematically. There is spontaneous symmetry breaking in the
electroweak sector of the standard model, and we will work out the
steps analogous to Eqs. 41 and 42 for this particular case in the next
Note.




The SU(2) X U(1)
Electroweak
Model

The main emphasis in these Notes has been on developing just
those aspects of Lagrangian field theory that are needed for the
standard model. We have now come to the crucial step: finding a
Lagrangian that describes the electroweak interactions. It is rather
difficult to be systematic. The historical approach would be com-
plicated by the rather late discovery of the weak neutral currents, and
a purely phenomenological development is not yet totally logical
because there are important aspects of the standard model that have
not yet been tested experimentally. (The most important of these are
the details of the spontaneous symmetry breaking.) Although we will
write down the answer without excessive explanation, the reader
should not forget the critical role that experimental data playved in the
development of the theory.

The first problem is to identify the local symmetry group. Before
the standard model was proposed over twenty years ago, the elec-
tromagnetic and charge-changing weak interactions were known. The
smallest continuous group that can describe these is SU(2), which has
a doublet representation. If the weak interactions can change elec-
trons to electron neutrinos, which are electrically neutral, it is not
possible to incorporate electrodynamics in SU(2) alone unless a
heavy positively charged electron is added to the electron and its
neutrino to make a triplet, because the sum of charges in an SU(2)
multiplet is zero. Various schemes of this sort have been tried but do
not agree with experiment. The only way to leave the electron and
electron neutrino in a doublet and include electrodynamics is to add
an extra U(]) interaction to the theory. The hypothesis of the extra
U(1) factor was challenged many times until the discovery of the
weak neutral current. That discovery established that the local sym-
metry of the electroweak theory had to be at least as large as SU(2) X
U(l).

Let us now interpret the physical meaning of the four generators of
SU(2) X U(1). The three generators of the SU(2) group are /¥, I3,
and /7, and the generator of the U(1) group is called Y, the weak
hypercharge. (The weak SU(2) and U(l) groups are distinguished
from other SU(2) and U(1) groups by the label “W.”) ™ and /™ are
associated with the weak charge-changing currents (the general def-
inition of a current is described in Note 2), and the charge-changing
currents couple to the W™* and W™ charged weak vector bosons in
analogy to Eq. 40b. Both /3 and Y are related to the electromagnetic
current and the weak neutral current. In order to assign the electron
and its neutrino to an SU(2) doublet, the electric charge Q™ is
defined by

o =5L+7Y/2, (55)

so the sum of electric charges in an #-dimensional multiplet is nY/2.

The charge of the weak neutral current is a different combination of
I3 and 7, as will be described below.

The Lagrangian includes many pieces. The kinetic energies of the
vector bosons are described by ¥y, in analogy to the first term in
Eq. 38. The three weak bosons have masses acquired through spon-
taneous symmetry breaking, so we need to add a scalar piece % qpar t0
the Lagrangian in order to describe the observed symmetry breaking
(also see Eq. 38). The fermion kinetic energy %rermion includes the
fermion-boson interactions, analogous to the electromagnetic inter-
actions derived in Eqs. 39 and 40. Finally, we can add terms that
couple the scalars with the fermions in a term Ly yiawa- One physical
significance of the Yukawa terms is that they provide for masses of
the quarks and charged leptons.

The standard model is then a theory with a very long Lagrangian
with many fields. The electroweak Lagrangian has the terms

gelectroweak = oQY-M + gscalar + gfermion + gYukawa . (56)

(The reader may find this construction to be ad hoc and ugly. If so,
the motivation will be clear for searching for a more unified theory
from which this Lagrangian can be derived. However, it is important
to remember that, at present, the standard model is the pinnacle of
success in theoretical physics and describes a broader range of natural
phenomena than any theory ever has.)

The Yang-Mills kinetic energy term has the form given by Eq. 52
for the SU(2) bosons, plus a term for the U(1) field tensor similar to
electrodynamics (Egs. 36 and 38).

LPYWM=—2%F5"F£’W— 211— FYF,, 57)
where the U(1) field tensor is

F,,=4d,B,—d,B, (58)
and the SU(2) Yang-Mills field tensor is

Fiy=0,Wi— o, Wa+ geu WhWS, (59)

where the g, are the structure constants for SU(2) defined in Eq. 24
and the W{ are the Yang-Mills fields.
. | :



8) continued

SU(2) X U(1) has two factors, and there is an independent coupling
constant for each factor. The coupling for the SU(2) factor is called g,
and it has become conventional to call the U(1) coupling g’/2. The
two couplings can be written in several ways. The U(1) of elec-
trodynamics is generated by a linear combination of /5 and Y, and the
coupling is, as usual, denoted by e. The other coupling can then be
parameterized by an angle 8w. The relations among g, g/, e, and 0w
are

e=gg'/Vg+g? and tan By = g’/g. (60)

These definitions will be motivated shortly. In the electroweak theory
both couplings must be evaluated experimentally and cannot be
calculated 1n the standard model.

The scalar Lagrangian requires a choice of representation for the
scalar fields. The choice requires that the field with a nonzero
vacuum value is electrically neutral, so the photon remains massless,
but it must carry nonzero values of /5 and Y so that the weak neutral
boson (the Zﬁ) acquires a mass from spontaneous symmetry break-
ing. The simplest assignment is

(Y and o' = (—o. (o) 61
¢={ o0 )ande (=97, (e9"). (61)

where ¢t has I3=1"and Y =1, and ¢® has /5=—% and Y = 1. Since
¢ does not have Y = —1 fields, it is necessary to make ¢ a complex
doublet, so (¢p¥)f =—¢ has/3=—% and Y=—1, and (¢°)f has I; =1
and Y = —1. Then we can write down the Lagrangian of the scalar
fields as

L scatar = (DH(P)T(DLI(P) —mz(PT(P—x((PT(P)Z s (62)

where

Do =d,0—i% Bo— iSe,we (63)
i m 5 Du® — 5T L9

is the covariant derivative. The 2-by-2 matrices T, are the Pauli
matrices. The factor of 2 is required because the doublet represen-
tation of the SU(2) generators is 1,/2. The factor of % in the B, term
is due to the convention that the U(l) coupling is g’/2 and the

assignment that the ¢ doublet has Y = 1. After the spontaneous
symmetry breaking, three of the four scalar degrees of freedom are
“eaten” by the weak bosons. Thus just one scalar escapes the feast
and should be observable as an independent neutral particle, called
the Higgs particle. It has not (?) yet been observed experimentally,
and it is perhaps the most important particle in the standard model
that does not yet have a firm phenomenological basis. (The mini-
mum number of scalar fields in the standard model is four. Ex-
perimental data could eventually require more.)

We now carry out the calculation for the spontaneous symmetry
breaking of SU(2) X U(1) down to the U(1) of electrodynamics. Just
as in the example worked out in Note 6, spontaneous symmetry
breaking occurs when m? < 0 in Eq. 62. In contrast to the simpler
case, it is rather important to set up the problem in a clever way to
avoid an inordinate amount of computation. As in Eq. 41, we write
the four degrees of freedom in the complex scalar doublet so that it
looks like a local symmetry transformation times a simple form of the
field:

¢(x) = exp[in®(x)t,/2¢0] <{p(x) +(<)Po] / \/5) . (64)

We can then write the scalar fields in a new gauge where the phases of
@(x) are removed:

o) = exp [ 20000 = (1 4 o5 ) - (69

where we have used the freedom of making local symmetry trans-
formations to write @’(x) in a very simple form. This choice, called
the unitary gauge, will make it easy to write out Eq. 63 in explicit
matrix form. Let us drop all primes on the fields in the unitary gauge
and redefine W} by the equation

Wi

w3
a — H
@i <W&+iW§

(v

wh—iw?
- Wﬁ

\EW:)’

— Wﬁ
(66)

where the definition of the Pauli matrices is used in the first step, and
the W* fields are defined in the second step with a numerical factor
that guarantees the correct normalization of the kinetic energy of the
charged weak vector bosons.
Next, we write out the D, in explicit matrix form, using Egs. 63,
65, and 66:
D=L < ~iV2gW {p + ¢0)/2 ) 7)
V2 \dp — UgBy—gW e+ 90)/2 )




Finally, we substitute Eqs. 65 and 67 into Eq. 63 and obtain

|
gscalar = %zW& W:(P + (PO)Z + E 6“P6up

1
+ g (&/B* —gW¥)('By— gWi)(p + 9o

m? A
Tt Qo) + 7+ 00)*, (68)

where p is the, as yet (?), unobserved Higgs field.

It is clear from Eq. 68 that the ¥ fields will acquire a mass equal to
&po/2 from the term quadratic in the W fields, (¢%/4)pdW LW
The combination g’B, — ngl will also have a mass. Thus, we
“rotate” the B, and W7 fields to the fields Z{ for the weak neutral
boson and A, for the photon so that the photon is massless.

z? _ [ sin by —cos Bw < Bg ’ (69)
A, cos By sin By Wi

where

cos By = g/ Vg>+ g’% and sin By = g’/ Vgitg?. (70)

Upon substituting Eqs. 69 and 70 into Eq. 68, we find that the Zﬁ
mass is 2 ¢y Vg + g’%, so the ratio of the W and Z masses is
Mw/MZ:‘COS ew (71)
Values for My and Mz have recently been measured at the CERN
proton-antiproton collider: My = (80.8 + 2.7) GeV/c? and M, =
(92.9 £ 1.6) GeV/c? The ratio Myu/M calculated with these values
agrees well with that given by Eq. 71. (The angle 8y is usually
expressed as sin?Qy, and is measured in neutrino-scattering experi-
ments to be sin’fw = 0.224 =+ 0.015.) The photon field 4, does not
appear in #aar, 50 it does not become massive from spontaneous
symmetry breaking. Note, also, that the n%(x) fields appear nowhere
in the Lagrangian; they have been eaten by three weak vector bosons,
which have become massive from the feast.

The next term in Eq. 56 is L mion. Its form is analogous to Eqs. 39
and 40 for electrodynamics:

gfermion = i\I’YprW . (72)

The physical problem is to assign the left- and right-handed fermions
to multiplets of SU(2); the assignments rely heavily on experimental
data and are listed in “Particle Physics and the Standard Model.”

Our purpose here will be to write out Eq. 72 explicitly for the
assignments.

Consider the electron and its neutrino. (The quark and remaining
lepton contributions can be worked out in a similar fashion.) The left-
handed components are assigned to a doublet and the right-handed
components are singlets. (Since a neutral singlet has no weak charge,
the right-handed component of the neutrino is invisible to weak,
electromagnetic, or strong interactions. Thus, we can neglect it here,
whether or not it actually exists.) We adopt the notation

v (1) and ve= e, (73)
L

where L and R denote left- and right-handed. Then the explicit
statement of Eq. 72 requires constructing D, for the left- and right-
handed leptons.

glepton = i‘I’Ryp(ap + lg,Bp)\VR

- i
iy, + 5 (¢By— gr Wl - (74)

The weak hypercharge of the right-handed electron is —2 so the
coefficient of B, in the first term of Eq. 74 is (—g’/2) X (—2) = g’. We
leave it to the reader to check the rest of Eq. 74. The absence of a mass
term is not an error. Mass terms are of the form yy = Y yg + Yryy.
Since y_ is a doublet and yp, is a singlet, an electron mass term must
violate the SU(2) X U(1) symmetry. We will see later that the electron
mass will reappear as a result of modification of Ly uwa due to
spontaneous symmetry breaking,

The next task is exciting, because it will reveal how the vector
bosons interact with the leptons. The calculation begins with Eq. 74
and requires the substitution of explicit matrices for 1, WE, yr, and
1. We use the definitions in Eqs. 66, 69, and 73. The expressions
become quite long, but the calculation is very straightforward. After
simplifying some expressions, we find that %), for the electron
lepton and its neutrino is

Lrepton = LY, + VYO,V — € eyted,
+-2 (VLyreL W + ecy* vV y)
V2
_ g
23 /gZ + g/ 2

1 -
3 Vgi+ g vtviz, .

[tan®Bw (2eryMer + eLytel) — eryte)Z,

(75)




continued

The first two terms are the kinetic energies of the electron and the
neutrino. (Note that ¢ = ¢ + er.) The third term is the elec-
tromagnetic interaction (cf. Eq. 40) with electrons of charge —e,
where ¢ is defined in Eq. 60. The coupling of 4,, to the electron current
does not distinguish left from right, so electrodynamics does not
violate parity. The fourth term is the interaction of the W bosons
with the weak charged current of the neutrinos and electrons. Note
that these bosons are blind to right-handed electrons. This is the
reason for maximal parity violation in beta decay. The final terms
predict how the weak neutral current of the electron and that of the
neutrino couple to the neutral weak vector boson Z°.

If the left- and right-handed electron spinors are written out
explicitly, with e, = 2(1 — ys)e, the interaction of the weak neutral
current of the electron with the Z° is proportional to ey'l(1 —
4sin’6w) — ysleZ,. This prediction provided a crucial test of the
standard model. Recall from Eq. 71 that sin’Bw is very nearly Y%, so
that the weak neutral current of the electron is very nearly a purely
axial current, that is, a current of the form ey"yse. This crucial
prediction was tested in deep inelastic scattering of polarized elec-
trons and in atomic parity-violation experiments. The results of these
experiments went a long way toward establishing the standard model.
The tests also ruled out models quite similar to the standard model.
We could discuss many more tests and predictions of the model
based on the form of the weak currents, but this would greatly
lengthen our discussion. The electroweak currents of the quarks will
be described in the next section.

We now discuss the last term in Eq. 56, % vuawa. In a locally
symmetric theory with scalars, spinors, and vectors, the interactions
between vectors and scalars, vector and spinors, and vectors and

vectors are determined from the local invariance by replacing d,, by
Dy. In contrast, ¥ yuxawa, Which is the interaction between the scalars

and spinors, has the same form for both local and global symmetries:
Lyuiawa = GyWoy

= Gy(YLoyr + YroOTYL) . (76)

This form for & yyuawa 1 rather schematic; to make it explicit we must

specify the multiplets and then arrange the component fields so that
the form of %y, xawa does not change under a local symmetry trans-
formation.

Let us write Eq. 76 explicitly for the part of the standard model we
have examined so far: ¢ is a complex doublet of scalar fields that has
the form in the unitary gauge given by Eq. 65. The fermions include
the electron and its neutrino. If the neutrino has no right-handed
component, then it is not possible to insert it into Eq. 76. Since the
neutrino has no mass term in Fiepi0n, the neutrino remains massless
in this theory. (If vg is included, then the neutrino mass is a free
parameter.) The Yukawa terms for the electron are

Lyukawa = GY[(\_’L, E’L)<(p n (poo)/\/i) (er)

- VL
+ (er) (0, (p + @0)/ \/5)< e )]

1

= 75 Gréep+ 90, (77

where we have used the fact that e e = eper =0, and e= ¢ + g is
the electron Dirac spinor. Note that Eq. 77 includes an electron mass
term,

1
m,=— Gy® , 78
e \/5 Y®o ( )

so the electron mass is proportional to the vacuum value of the scalar
field. The Yukawa coupling is a free parameter, but we can use the
measured electron mass to evaluate it. Recall that

My=— =——'C')—(p-0——;81 GeV ,
2 2 sin ew

where €?/4m = 1/137. This implies that @y = 251 GeV. Since m, =
0.000511 GeV, Gy = 2.8 X 107 for the electron. There are more than
five Yukawa couplings, including those for the 1 and 1 leptons and
the three quark doublets as well as terms that mix different quarks of
the same electric charge. The standard model in no way determines
the values of these Yukawa coupling constants. Thus, the study of
fermion masses may turn out to have important hints on how to
extend the standard model.



Particle Physics and the Standard Model

Quarks

Discovery of the fundamental fields of the strong interactions was
not straightforward. It took some years to realize that the hadrons,
such as the nucleons and mesons, are made up of subnuclear constit-
uents, primarily quarks. Quarks originated from an effort to provide
a simple physical picture of the “Eightfold Way,”” which is the SU(3)
symmetry proposed by M. Gell-Mann and Y. Ne’eman to generalize
strong isotopic spin. The hadrons could not be classified by the
fundamental three-dimensional representations of this SU(3) but
instead are assigned to eight- and ten-dimensional representations.
These larger representations can be interpreted as products of the
three-dimensional representations, which suggested to Gell-Mann
and G. Zweig that hadrons are composed of constituents that are
assigned to the three-dimensional representations: the u (up), d
(down), and s (strange) quarks. At the time of their conception, it was
not clear whether quarks were a physical reality or a mathematical
trick for simplifying the analysis of the Eightfold-Way SU(3). The
major breakthrough in the development of the present theory of
strong interactions came with the realization that, in addition to
electroweak and Eightfold-Way quantum numbers, quarks carry a
new quantum number, referred to as color. This quantum number
has yet to be observed experimentally.

We begin this lecture with a description of the Lagrangian of a
strong-interaction theory of quarks formulated in terms of their color
quantum numbers. Called quantum chromodynamics, or QCD, it is
a Yang-Mills theory with local color-SU(3) symmetry in which each
quark belongs to a three-dimensional color multiplet. The eight
color-SU(3) generators commute with the electroweak SU(2) X U(1)
generators, and they also commute with the generators of the Eight-
fold Way, which is a different SU(3). (Like SU(2), SU(3) is a recurring
symmetry in physics, so its various roles need to be distinguished.
Hence we need the label “color.”) We conclude with a discussion of
the weak interactions of the quarks.

The QCD Lagrangian, The interactions among the quarks are
mediated by eight massless vector bosons (called gluons) that are
required to make the SU(3) symmetry local. As we have already seen,

the assumption of local symmetry leads to a Lagrangian whose form
1s highly restricted. As far as we know, only the quark and gluon fields
are necessary to describe the strong interactions, and so the most
general Lagrangian is

1 . -
Lop=— " FaF% + iy Dy, + ZyMy, (79)
i i)
where
Fi, = 08,48 — 0, A% + g funcALAS . (80)

The sum on a in the first term is over the eight gluon fields 4. The
second term represents the coupling of each gluon field to an SU(3)
current of the quark fields, called a color current. This term is
summed over the index i, which labels each quark type and is
independent of color. Since each quark field y; is a three-dimensional
column vector in color space. D, is defined by

Du\ul = auwi - ‘21 ig.A ﬁ)\uWI . (81)
where A, is a generalization of the three 2-by-2 Pauli matrices of
SU(2) to the eight 3-by-3 Gell-Mann matrices of SU(3). and g is the
QCD coupling. Thus, the color current of each quark has the form
YA 'y, The left-handed quark fields couple to the gluons with
exactly the same strength as the right-handed quark fields, so parity is
conserved in the strong interactions.

The gluons are massless because the QCD Lagrangian has no
spinless fields and therefore no obvious possibility of spontaneous
symmetry breaking. Of course, if motivated for experimental
reasons, one can add scalars to the QCD Lagrangian and spon-
taneously break SU(3) to a smaller group. This modification has been
used, for example, to explain the reported observation of fractionally
charged particles. The experimental situation, however, still remains
murky. so it is not (yet) necessary to spontaneously break SU(3) to a
smaller group. For the remainder of the discussion, we assume that
QCD is not spontancously broken.

The third term in Eq. 79 is a mass term. In contrast to the
clectroweak theory, this mass term is now allowed. even in the
absence of spontaneous symmetry breaking, because the left- and
right-handed quarks are assigned to the same multiplet of SU(3). The
numerical coefficients A;; are the elements of the quark mass matrix;
they can connect quarks of equal electric charge. The Zcp of Eq. 79
permits us to redefine the QCD quark fields so that M;; = m;d,;,. The




continued

mass matrix is then diagonal and each quark has a definite mass,
which is an eigenvalue of the mass matrix. We will reappraise this
situation below when we describe the weak currents of the quarks.

After successfully extracting detailed predictions of the electro-
weak theory from its complicated-looking Lagrangian, we might be
expected to perform a similar feat for the £ ocp of Eq. 79 without too
much difficulty. This is not possible, Analysis of the electroweak
theory was so simple because the couplings gand g’ are always small,
regardless of the energy scale at which they are measured, so that a
classical analysis is a good first approximation to the theory. The
quantum corrections to the results in Note 8 are, for most processes,
only a few percent.

In QCD processes that probe the short-distance structure of
hadrons, the quarks inside the hadrons interact weakly, and here the
classical analysis is again a good first approximation because the
coupling g is small. However, for Yang-Mills theories in general, the
renormalization group equations of quantum field theory require
that g increases as the momentum transfer decreases until the
momentum transfer equals the masses of the vector bosons. Lacking
spontaneous symmetry breaking to give the gluons mass, QCD
contains no mechanism to stop the growth of g;, and the quantum
effects become more and more dominant at larger and larger dis-
tances. Thus, analysis of the /ong-distance behavior of QCD, which
includes deriving the hadron spectrum, requires solving the full
quantum theory implied by Eq. 79. This analysis is proving to be very
difficult.

Even without the solution of #o¢p, we can, however, draw some
conclusions. The quark fields y; in Eq. 79 must be determined by
experiment. The Eightfold Way has already provided three of the
quarks, and phenomenological analyses determine their masses (as
they appear in the QCD Lagrangian). The mass of the # quark is
nearly zero (a few MeV/c?), the d quark is a few MeV/c? heavier than
the u, and the mass of the s quark is around 300 MeV/c2. If these
results are substituted into Eq. 79, we can derive a beautiful result
from the QCD Lagrangian. In the limit that the quark mass dif-
ferences can be ignored, Eq. 79 has a global SU(3) symmetry that is
identical to the Eightfold-Way SU(3) symmetry. Moreover, in the
limit that the u, d, and s masses can be ignored, the left-handed v, d,

and s quarks can be transformed by one SU(3) and the right-handed
u, d, and s quarks by an independent SU(3). Then QCD has the
“chiral” SU(3) X SU(3) symmetry that is the basis of current algebra.
The sums of the corresponding SU(3) generators of chiral SU(3) X
SU(3) generate the Eightfold-Way SU(3). Thus, the QCD Lagrangian
incorporates in a very simple manner the symmetry results of
hadronic physics of the 1960s. The more recently discovered ¢
(charmed), b (bottom), and ¢ (top) quarks are easily added to the QCD
Lagrangian. Their masses are so large and so different from one
another that the SU(3) and SU(3) X SU(3) symmetries of the Eight-
fold-Way and current algebra cannot be extended to larger sym-
metries. (The predictions of, say, SU(4) and chiral SU(4) X SU(4) do
not agree well with experiment.)

It is important to note that the quark masses are undetermined
parameters in the QCD Lagrangian and therefore must be derived
from some more complete theory or indicated phenomenologically.
The Yukawa couplings in the electroweak Lagrangian are also free
parameters. Thus, we are forced to conclude that the standard model
alone provides no constraints on the quark masses, so they must be
obtained from experimental data.

The mass term in the QCD Lagrangian (Eq. 79) has led to new
insights about the neutron-proton mass difference. Recall that the
quark content of a neutron is udd and that of a proton is uud. If the u
and d quarks had the same mass, then we would expect the proton to
be more massive than the neutron because of the electromagnetic
energy stored in the uu system. (Many researchers have confirmed
this result.) Since the masses of the » and d quarks are arbitrary in
both the QCD and the electroweak Lagrangians, they can be adjusted
phenomenologically to account for the fact that the neutron mass is
1.293 MeV/c? greater than the proton mass. This experimental
constraint is satisfied if the mass of the d quark is about 3 MeV/¢?
greater than that of the u quark. In a way, this is unfortunate, because
we must conclude that the famous puzzle of the n-p mass difference
will not be solved until the standard model is extended enough to
provide a theory of the quark masses.

Weak Currents. We turn now to a discussion of the weak currents of
the quarks, which are determined in the same way as the weak
currents of the leptons in Note 8. Let us begin with just the # and d
quarks. Their electroweak assignments are as follows: the left-handed
components i and «, form an SU(2) doublet with ¥ = 15, and the
right-handed components ug and dr are SU(2) singlets with ¥ = 4/3




and —2%, respectively (recall Eq. 55).

The steps followed in going from Eq. 73 to Eq. 75 will yield the
electroweak Lagrangian of quarks. The contribution to the Lagran-
gian due to interaction of the weak neutral current JL“C) ofthe uand d
quarks with Z° is

€ o 82
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The reader will enjoy deriving this result and also deriving the
contribution of the weak charged current of the quarks to the
electroweak Lagrangian. Equation 83 will be modified slightly when
we include the other quarks.

So far we have emphasized in Notes 8 and 9 the construction of the
QCD and electroweak Lagrangians for just one lepton-quark
“family” consisting of the electron and its neutrino together with the
u and d quarks. Two other lepton-quark families are established
experimentally: the muon and its neutrino along with the ¢ and s
quarks and the 7 lepton and its neutrino along with the t and » quarks.
Just like (v). and e, (v,)r and py and (v;)L and 7 form weak-SU(2)
doublets; eg, ur and 1 are each SU(2) singlets with a weak hyper-
charge of —2. Similarly, the weak quantum numbers of ¢ and s and of
t and b echo those of # and & ¢ and s form a weak-SU(2) doublet as
do tr and by. Like ug and dy, the right-handed quarks cg, sgr, tg, and
br are all weak-SU(2) singlets.

This triplication of families cannot be explained by the standard
model, although it may eventually turn out to be a critical fact in the
development of theories of the standard model. The quantum
numbers of the quarks and leptons are summarized in Tables 2 and 3
in “Particle Physics and the Standard Model.”

All these quark and lepton fields must be included in a Lagrangian
that incorporates both the electroweak and QCD Lagrangians. It is
quite obvious how to do this: the standard model Lagrangian is

simply the sum of the QCD and electroweak Lagrangians, except that
the terms occurring in both Lagrangians (the quark kinetic energy
terms iy;y"3,y; and the quark mass terms y;M;y;) are included just
once. Only the mass term requires comment.

The quark mass terms appear in the electroweak Lagrangian in the
form Pyuawa (Eq. 77). In the electroweak theory quarks acquire
masses only because SU(2) X U(1) is spontaneously broken. How-
ever, when there are three quarks of the same electric charge (such as
d, s, and b), the general form of the mass terms is the same as in Eq.
79, ﬁ!,-M,-jwj, because there can be Yukawa couplings between  and s,
d and b, and s and b. The problem should already be clear; when we
speak of quarks, we think of fields that have a definite mass, that is,
fields for which Afj; is diagonal. Nevertheless, there is no reason for
the fields obtained directly from the electroweak symmetry breaking
to be mass eigenstates.

The final part of the analysis takes some care: the problem is to find
the most general relation between the mass eigenstates and the fields
occurring in the weak currents. We give the answer for the case of two
families of quarks. Let us denote the quark fields in the weak currents
with primes and the mass eigenstates without primes. There is
freedom in the Lagrangian to set ¥ = u’ and ¢ = ¢’. If we do so, then
the most general relationship among d, s, d’, and s’ is

() ) (5)

The parameter O¢, the Cabibbo angle, is not determined by the
clectroweak theory (it is related to ratios of various Yukawa cou-
plings) and is found experimentally to be about 13°. (When the b and
t (=t’) quarks are included, the matrix in Eq. 84 becomes a 3-by-3
matrix involving four parameters that are evaluated experimentally.)
The correct weak currents are then given by Eq. 83 if all quark
families are included and primes are placed on all the quark fields.
The weak currents can be written in terms of the quark mass
eigenstates by substituting Eq. 84 (or its three-family generalization)
into the primed version of Eq. 83. The ratio of amplitudes for s — u
and d — u is tan 8¢; the small ratio of the strangeness-changing to
non-strangeness-changing charged-current amplitudes is due to the
smallness of the Cabibbo angle. It is worth emphasizing again that the
standard model alone provides no understanding of the value of this
angle.O
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