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UNCLASSIFIED
ABSTRACT

Methods for oaloulating the opauity of naterials at high tempera-

tures are disoussed in this report. Minor improvements are outlined for

the treatmnt of continuous absorption processes, and a small error usually

4
made in treating the scattering prooess is oorreoted. In oontrast to all

* pretious oaloulations of opaoity, the effeot of line absorption is oarefully

examined, for it may well be

4 o? temperature and density.

the dominant prooess under oertain conditions

Detailed methods for oaloulating the line

m absorption contribution are, therefore, developed. To illustrate the

}..
principles involved, the opaoi~ of pm ironat a temperature of 1000

.
,J volts and normal density is worked out in detail. For this ease, the opu.oity
<-L

is 20.S om2/gram, corresponding to a mean free path for radiation of $.31 x W-30m.

The mtio of the opacity inoluding line effects to the opaoity without lines

is 8.9 ●

UNCLASSIFIEP
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GLOSSARY OF NOTATION—. . .
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A Reoiprooal length, defined by (6.ZL).

A Helmholz free energy, (A104)0

a. Bohr radius = .5291 x 10-8 cm.

hi defined by (5.72), (6.46).

az1 radius of ionic sphere, (4.24)

B ~ MC2

q
in (5.33)

B- 2h~3 e -u
-— — as defined by (3.8)

c12 ~-e-u

bba (~) dispersion factor for line absorption (2.6)

b’ (u) dispersion factor for line absorption (5.lla)

o velooity of light

O(sf) density of states of the free eleotron per unit energy interval (2.29)

Oiz degeneracy of the it_hionic level.

Cf density of initial state per df (2.26)

D= U3AC reduoed—.
A

Ea energy of quantum

EJ ener= of quantum

e positive eleotronio

‘ba,fi eleotron number

absorption coefficient (6.20)

state a of an ion (2.4)

state J of entire system (4.11)

charge

defined by (2.3)

F(~,w) function defined by (2.34)

g+,f (d) Gaunt factor for bound-free transitions (2.22)

g+f(~) Gaunt faotor for free-free transitions

~ff Average Gaunt faotor defined by (6.27)

gnk (u) frequency faotor (5-82)

K’&(u) Frequenoy factor (5.71)
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Glossary of Notation (oontinued)

h Pla~& aonstant

fi~l&
2W

I(* Speoific intensity of radiation see (2.2)

In Ionization energy of an electron bound in the n shell, (2.21)

K Mean opaoity coefficient per unit mass om2/gn.

k Boltzmannts constant

s Wave

/# Mean

M Mass

% Gram

number vector in direotion of propaKation9(2.1)

free path for radiation of frequenoy#(3.15)

of absorbing atomsj(2.16)

atomio weight, (6.1)

~ Number lines in Kt&olass, (6.44)

m hfass ofeleotron, (2.3)

No 23 Avogadro’s Number: 6.023 X 10

~b N~gr of’atom in initial state b (2.9)

~ Number of bound eleotrons

nf Number of free eleotrons

D =~+~ Total number of electrons in system (4.8)

N Tot~l number of atoms in system (4.6)

Nz Number of nucleii of atomic number Z in system (2.29)

no Initial state of the scattering particle (2.32)

G Unit vector (3.17)

Ed Average number of quanta in each radiation oscillator (2.1)

n(~f) d(f+) Nmber of states of free eleotron in energy interval d( ~f)

n(~) d~ l?usiberof eleotron with velocity veotor betweenvandv+dv (3.3

P- 1 (5.5)
-E

P Pressurej (6.17)
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Glossary of Notation (continued)

-m
P Probability givenby (4.13)
J

. Q Electronic partition function of the system (AI.1)
4

%
q Availability of final state (2.29)

,.
●-

r- NJ z ratio of line absorption to continuous.
PC

. -1 .

background (5.5)

=Z Value of rz averaged over the bound wave functions (4.27)

r-e 2 Classical electrons radius
‘-~

(2.34)

.

.

.

m
b.

.

Rho Rydberg energy ~ 13.E07 volts (2.25)

S(u) Stromgrem function Tabulated in Table VI (6.30)

s Eq. (5Clla)

s Entropy (AI.11)

T Absolute temperature (2.16)

h) as definedby (3.8a)
‘%-
v Volume of system (2.9)

V~j Sum of Couloumb and exchange eleotron interactions (4.12)

w Transition probability as defined by (2.1)

w= Cose (2.34)

w~b (~) Transition probability for spontaneous emission (2.10)

~b (ti) Probability for induoed emission (2.11)

z’ Effective nuolear change (2.25)

z* Effective nuolear charge (6.7)

z Effeotive nuclear charge (AI.15)

d : e2~c: l/137.03 fine structure oonstant

~[
See (4.13)

d“ See (4.17)

~*:-kT~ is free ener~ of

2 Dirac velocity matrix
j

electrons (4.41a)

for j~h electron (2.1)
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Glossa~ of Notation (oontinued)

! -1

-zT-

~ Dimensionless half breadth, defined in (5.21)r:—
4?’kT

x Breadth of spectral line (2.15)
w

Y : g (2*34)
mc

~ Direction of polarization (2.1)

&(r) Potential energy (4.49)

(!f Energy of free eleotron

Ionization energy of the it~ electron (4.22)

Average energy of electron in it~state (AI.1O)

Scattering angle (2.32)

Rosselaradmean-free path (3.18)

Mean free path ignoring lines (5.7)

Contribution of lines to Rosseland mean free path (5.8)

Absorption ooeffioient, as defined in (5.3)

Absorption due to continuous prooesses alone (5.4)

Absorption due to lines (2.9), (5.4)

Scattering coefficient, i.e. inverse mean free path for scattering. (2.33)

Frequency

Density (3.25)

Soreening oonstants, defined by (4.23) Tabulated in Table II

Surface element (3.1)

22

[4
=8Be g .6654x1024 cm. Thomson cross-section (6.24)

~ mc

Absorption cross-seotion. EqO (2.8)
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~ ~Glossw of Notation (continued)

Electrostatic potential, defined by (4.26)

Differential scattering oross-section (2.32)

Electron wave function (4.2)

Density of states, definedby (4.14)
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1-2 UNCLASSIFIED
I. INTRODUCTION

The opaoity of nmterials at extrem~y high temperatures is important in the

sttiy of otellar interiors. As suoh, It has engaged the interest of astrophysi-

cists for the last thirty years. The most reoent study ofthia problem is by

Morse(l)* Following the tradition in the field, Morse considers only three

maritalprocesses as contributing to the opaoity - photo-eleotrio absorption

free transitions), collision absorption (free-free transitions) and Cohpton

furxla-

(bound-

soatter-

hg. It was pointed out by Edward Teller that a fourth prooess, line absorption,

might often prove to be the determining one in the omoity- At hti s~gestio%

therefore, the problem was investigated anew.

Prevlouz workers(2) had recognized that suffiotent absorption strength was

presext iathe lins speotrumto inorease the opaoity by faotors of 2 to 4. It

was argued, however, that hdivldual lines are extre-ly sharp, and although they

are very strong oompared to the continuous absorption proaesses, they would simply

make a very s!MII region of the speotrum opa,queto radiation. Shoe the mean free

path for radiation (-reotprooal of the opaoi~) is a weighted frequenoy average

of the reoiprooal absorption ooeffioient, the blaokness of these small regions would

not appreciably alter the mean free path~ Teller pointed out two reasons for sus-

pecting these oonolusions: 1) Individual linen were apt to be ve~muoh broader

under

umier

lines

the extreme temperature and denzity conditions of stellar interiors than

norsml terrestrial oonditiona 2) ~~re would be an eno~ous n~ber of’

arising from the oomplioated eleotrostatio interactions at these temperatures.

The reasoning behind

temperatures, an element

eaoh ion type will exist

these suspicions io qualitatively very simple. At high

will be found in m~~ states of ionization~ Furthermore

in a number of exoited states. For example, oaloulations
.

show that iron at

(1] Aetrophyaieal

temperatures of 1000 volts and

Journah ~ pp. 27-49, 1940.

(2)
Memzel and Perkeriss Monthly Notioee
p. 77, (1935); S. Rosseland, Handbuoh

densities 5 tisws normal, i.e. 39.3

UNCLASSIFIED
of’ the Royal Astronomical Sooiety, V. 96,
dor Astrophysik, V. 3s 3 teil~
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grams/om3, (eonditi~nsavatla”alein stellar interiors) will have on the a-rage 2 ~

eleotrons, 1.24 L electrons, 1.10 M elgctrsns, eto. - in all a total average of 4.3

bound el~ctmns. We may expeot appreoia?)lenumbers of ions with from 2 to 7 bound

elw:rsne Koreovsr of the ions with say 6 bound eleotrons there will be some with =,

4L~ others with 2K, 3L, I.!J,still others with 2K, 2L, 2M$ and so on. Waoh configura-

tion of these ions gives a rather complex line spectrum - the total number of lines

from the assemblage will be enormous. ?Aixturesof elements will give even a richer

line spectrum.

Among the oausas for line broadening are 1) Natural breadth; 2) Collision

breadth; 3) Stark breadth; 4) Doppler breadth. Eaoh of these is much more importsnt

at high teinpratures and densities than at ordinary conditions. Because many electrons

are in excited orbitals a large number of emission transitions oan destroy the ini%ial

state ~f an ion. In addition the intense temperature radiation presgut can induoo

absorption transitions. Both effects enhance the natural breadth. At high temperatures

collisions with free electrotiswill frequently occur - a prooesa almost eutirely

excluded under ordinary conditions. Moreover the high velooity of the ions creates

an appreciable Doppler broadening. It also enables relatively high oharged ions to

approach so clone that enormous fieIds are available to oause Stark broadening.

In man~ oases the lines will be so broadened as to form a virtually continuous absorp-

tion band, very effeotive in producing high opaoity.

It will be rgalized that it is the high exoitatisn of the material, combined with

the pgrvading electrostatic interaotions that makes line absorption so important a

feature in opaaity calculations. Previous treatments of the problem essentially

negleoted all these interactions except those between a nuoleus and its own bound

electron. It -S felt worthwhile to

satisfactoryf’ortnin order to insure

absorption. This problem is treated

fnolude these interactions in some moderately

the aocuracy of the calculations of the line

at some length in Chapter IV of this paper.
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An immediate byproduct of the statistical mechanical calculation which is there per-

formed, is the thermodynamic properties and the equation of state of material. It is

generally assumed in work on stellar interiors that the tnatgrialobeys a perfect gas

equation of state with an effeotiw number of partiales equal to the sum of all the

electrons and nuclei in the system. In Appndix I, the appropriate modifioa~ion of

the equation taking into account the presence of bound elevtrons, electrostatic intera-

ctions, and a small correction for relativi~y effects is given.

The complexity of the line spectrum precludes any etraightfonard attack on the

problem. Taller, however, when he proposgd considering the line absorption, also

suggested the use of a statistical method of finding the contribution to the opacity.

The method is developed in detail in Chapter V which constitutes the significant new

contributionto the study of opaoity.

During our reexamination of the opcit y problem, Dr. Maria Mayer noticed that the

scattering contribution has always been treated by analogy with the absorption-

emission contribution. This proves to be incorrect, although the numerical error is

small. The difference between the two types of prooess lies in the effects of induced

emission and induoed saaxtering. The presence of induced emission s%rengthens a beam

in its passage through matter, thus tending to reduce the opaoity. In the scattering

prooess, on the other hand, the induced scattering out of a beam compensates for the

induaed scattering into the beam. The correct calculation of opacity due to scatter-

ing therefore gives a result great~r (actually 5 % greater) than the conventional one.

Although there are many features in common, the treatment of the opacity of

heavy elements, is different in many details from the treatment for light elements.

This results because the relativistic effects completely change the nature of the

line spectrum of heavy compred to light elements~

Boris Jacobsoh~3)

A conpanion paper %0 this by

, gins spoific a~tention to the calculation of opacitiesfor the
(9‘Dissertation, University of Chicago, Dept. of’Fhysies, 1947.
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heavy eleuents.

The author wishes to thank Dr. ?hria Mayer and Dr. Edward Taller for suggesting

the problem and for much valuable assietiancein attacking it. It is a sinoere

pleasure, morsover, to acknowledge my indebtednessto Dr. Boris JQ~obso~n for many

discussions on every phase of this problem, and to Mr. Rudy Sternheimer for his

valuable work on line broadening without which this papr would haw little practical

significance4
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11. THE PROCESSES CONTRIBUTING TO THE 0PAC1T%— —— ..-—

AZV process oapable of removing quanta from an inoident beam, or emitting
quanta into that beam must be considered in the opacity prohleai. The mesh

important of these processes is simple absorption and its in=rseo h this

ease a quantum is absorbed by an atorniosystem. its er.aergy!Ming transferred to

excitation of the eleotrons. We may distinguish with profit three different

types of absorption. In the first an eleotron in a bound state of the atom is

exoited to another bound stahe. This is the familiar line absorpthm h the

seoond the bound state eleotron is renoved from the atom, going into one of the

oontinuum of tree states amilable, the usual photoeleetrio effeot. In oontrast

to line absorption, this prooess is possible for a~ energy of the inoident quantum

greater than the ionization energy of the eleo*ron~ Iastly, an eleutron in a free

state my absorb energy by a transition to another free state. A~ amount of energy

whatever may be absorbed in this prooems. The inverse prooesses to the three men-

tioned are, in order: line emission, electron capture, and Memsst*lung.

A seuond absorption prooess is pair production with its inwwse prooess

annihilation.

The la8t group of prooe8ses is soatterhg. Here an inoident quantum is

deviated from its original path by an atom or eleotron. If the atom remins

in its initial.state after the scattering,we have ordinary ooherent scattering;

if it does not, the phenomenon is known as Raman

ooours if the frequency of inoident radiation is

absorption li~~eof the atom. Scattering by free

soatteringe

scattering. A speoial ease

equal to the frequenoy of an

eleotrons is termed Compton

The remainder of this chapter gives the transition

prooesses.

probabilities for these
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Line Absorption.—

The three types of simple absorption - line absorption, photoeleotrio abso?ptio!ls

absorption due to free-free transitions differ only in the nature of the

initial and final states of the atom. It is therefore

treatmnt of all three at once up to an advanoed point

differences.

possible to de-lop

and there introduoe

the

the

The transition probability for the absorption of e quantum of energyh~

froman inoide~t beam is

e2

)1

~ z,;

(2.1) Wk dfi:~ #=X dfllZ@o.&#”~j
33

●

ab

d

In this formuluzj is the Dirao velooiiiymatrix for the jth eleotrone Eis the

direction of polarization of the inoideti light beam which has the wave number

veotor ~ in the dinOti@n of propagation~ The matrix element eotnaeotsthe ini-

tial state of the atomb with the final state a and is averaged over all directions

of polarization and orientations of the aton - which latter is the same as the

average over directions of propagation of the light. The inoident be-~s On the

average Fy quanta in eaoh radiation osotllator, that is the intensity of the beam

direotedwithi.n a solid angle dfl is

(202) 1(~) d~m: hxe FY 2V+&@ .

It is oorwenient to introduoe the oleot~o~mmber defined by

2+~&,&i%)a~ “k ,(2.3) fba = ~~b

where

(2.4) hdab s (Ea - ~).

This definition reduoes to the usual one for one electron atoms in non-relativistte

approximation,when ei~”~ is ~plaoed by unity - the oonvemtioxMO dipole approxi-

mation. Combining (1), (2), and (3) we got the transition probabilityas



In any aotual physloal system the absorption 58 not oonfined to a single fre-

queney, but it is possible for e range of i’reqaneies in the neighborhood of ~abo

Wo shall therefore htroduoe the dispersion faotor for line absorption ~a(fl) by

the definition that the probability of absoddng

Z+ dtiby the transition b+a is

light of frequenoy between d and

The dispsrsiou,faotor till have a sharp mwximum

00
D

J(2.7) o

The absorption

is then

b(y) dti: 1.

oroas-iseotionof this transition

absorption

at

per atom for light of frequenoy 2J

funotion of frequency multiplyingwhere we have put fl=xab in the slcmly varying

b(~). Frcssths oross-seotion we get im~diately the absorption ooeffiotent or in-

verse mean freIepath for line

&(ti ,

and the summation extends overwhere I?bis the number of atoms in initial state b,

all transitiolw whioh nay absorb the frequenoy tio

The inveroe prooess, line emission, is the sum

and one for induced emission~ The traxwition probability for the spontaneous emission

of a quantum h~ within a solid angle dcdue to an atomio transition from state b to

a is

(2.10) W:b(=:bJ~at~J‘2 lfablbabbddtid~

of two terms, one for spontaneous
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while the probability for induoed emisnion is

The queudsumtheory moreover gives the general result required by themdynamies

so that

An adequate discussion of the ele~tron

uonsiders an ion with only one eleotro~ and
AA

numbers is givenby Jaoobsohn(l)~ He

treats different order terms arising

from the expatwion of the faotor e‘E’= in (2.3). The leadsng termgi~s tie ~jor

fraotion of tho eleotrio dipole strength. Numerioal oaluulations for this term

in the non-selotivistioease whioh extend and oorreot similar oaloulations by

Bethe(2) are presented in Table 1 of Jaoobsohnts paper and are reproduced here

in Table 1. It should be noted that the f number in these tables is the a-rage

from a level (nA?)to a level (n~~) found by summing owr all states in the final

level. In ordelrto divide the f number properly between the transitions

1?n j+n’??j~ we use the relations

(2.14)

‘gkm%’ (-k) ‘ X’& ‘d-a%’ ,
where Ikl : j+l and by or -@+l), k bdxg *he q=nt= n*er ~i~h rv~oes ~ ~

the Dirao theor,y. Jaoobsohn also presents some fomula and tables for the relativistic

eleotrio dipole and non-relativisticeleotrio quadripole oscillator strength.

“) op. cit.

(2)
H. Bethe@ Handbuoh der Physik (2nd Ed.) 2 V, part 1, pp. 443.
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For approximate oaloulations, and to preserva the analogy between treatments

of line absorption and continuous absorption,we nay use an asymptotic expansion

for the dipolo f

over all initial

(2.14a) ~n+m

number (ener~ of transition hw) of a hydrogenio atom averaged

states in a shell of the prinoipal quantum number n. This is(3)

where m is tho prinoi,palquantum number of the final, n of the initial state, and

+ 09**e*e

This expansion beoomes better as both n and m inorease.

The dispersion is due to the fintte breadth of the almmio-states in the system

oaused by the interactionswith light and with

been treated in a thorough going fashion in an

For dispersion oausedby the interaotlms with

‘ibanatural breadth
F

.-
(2.15) ~a(ti) =

.-

\

.

‘-

.

.

and a dispersion
~ba

+

other partioles~ This problem has

unpublished paper by R. Sternhehr.

the radiation field, the I%XW has a

r
We note that when 27r(4- ~) =+ , the oross-seotion has fallen off to half its

maximum value. Interactionswith fast eleotrons will oauee oollision broadening

of the lines with the same dispersion form as (2*15). However, interactionstith

slow moving partioles like neighboring nuolei are best treated by an adiabatio

approximation and the dispersion ourw then falls off exponerxtiallywith distanoe

from the line IBenters. Another oause c)fexponential type dispersion is the Dopple=

Effeotwhioh gives

Mbeing the UEWS of the absorbing atoms and T the absolute temperature~

‘3] Menzel and Perkeris. Op. Cit.
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20 Fhoto-eledtrioabsorption.—.

In the ease of line absorption we found a

of frequencies differing slightly from that of

non-zero probability for absorption

the atomic transitions due to the

splitting of the atanio states into a oontinuum by ixxteraotionswith, for example,

the radiation field. For boundfreo absorption (photoeleotrh absortiim) *he

final state is already a swnber of a continuum, andwe will therefore have a

finite absorption probability for a oontinuum of incident frequencies. The

probability of absorbi~ Ii@t with frequenoy between tiand #+Ati is from

(2.s)

The orosu ueotionsuy therefore be written as

where by ‘bf
d>

we mean

ooeffieiont is, then

where the sunmation is extended over all states b whioh oan absorb the frequenoy Z.

Naturally preoiilelythe same expression (2.13) as in line absorption relates the

probability of the inverse process of eleotron oapture with photoelectron absorption.

We shall fc~llowhistorical preeedezxtin transforming (2.18) and (2.20). When

Ihmers first attaoked the problem of the photoeleotrio effeet using the maohine~

of the old Bohr theory, he found the oross-seetion for a complete shell of prinoipal

quantum mmber n to be



where In iB tho ionization energy of an electron bound in the n shell. Iater

I(4)
workers, Gaunt a~ S*.~~(5) , computing the cross seotion with the new WBW

nmohanies, expressed their result in terms of Kramerte formula (2.21), oorreuted

by a faotor, the so-called Gaunt faotor g. It is useful to retain this notation,

‘6) have shown that the Gaunt faotor g per eleotron is dosesince h%nzel & Pekeris

to unity when averaged over a oomplete shell for transitions to free states near

the ionization limit (the region of interest in opacity calculations). To rewr~te

our erous-seetion (2018) in terms of this notation, we define the Gaunt faotor by

Thus (2.20) beaanes

(4

2
& 24 he2 ~~. %

(2.23) *t(fl} = ; ~ — — n W hm t3#)o
3m ‘o

As deflmd here, the f number, and henoo the Gaunt faotor refer to atomic transitions

and # is the atomi. oooupation number. It is

numbers and henoe hunt factors per eleotron.

replaoed by q, the mnsber of eleatrons in the

the frequenoy ~Je The transition probabilities

q, the probability that the final state will be

eleotrons this is

A disouesion

He shows that for

traneitiowvari(9s

frequently more convenient to use f

The atcdo occupation @ must then be

initial state aapable of absorbing

must then be multiplied by a faotor

available. For non-degenerate free

practically unity.

of the Gaunt factors with numerical tables is given by Jaeobsohno

absorption by L electrons, the dipole Gaunt faotors for individual

considerably from transition to transition and moreover vary with

frequenoy, especially in the region near the ionization edge. The average Gaunt

(4)
J. A. Gaunt~ Fhil Trans. A 229 pp. 163 (1930)

(s)
M. Stobbe, Ann. d. Phys. 1 pp. 661 (1930)

‘6)Op. cit.

I



faotor per eleotron

functions while it

m130

is. however, close to uni~. Moreover using relativistic wave

drastically effeotlsthe results for individual transitions,

has little effeet on the average, even for the ve~ heavy elements. The Gaunt

faotors for quadruple transitions are smaller than those for dipole transitions

by the factor .13(Z@)2 for the L shell at the ionization lhit (4= ~ s fine

struoture oonstant), and even sndler for the higher shells. For maqy oasea~

therefore, it willbe a auffioient approximationto replaoe g per eleotronby

unity.

& Piw-Free Absorption.—*

The ability of an eleotron to absorb light depe?xlaon its bi!xlingho a muoleus,

for a free eleotronoanxwtoonservenmmxtwnin absorption. Henoewe expeot a

tightly bound eleotron to have a muoh larger photoeleotrio cross-seotion than a

loosely bound lone,and therefore the free-free transitions should be a small effeot.

There are two faotors

In our highly :lonized

oasesthere may be no

whioh nevertheless make it worthwhile to oonsider the pro~sa.

medium a great pcrtionof the eleotrons are free-in extre~

bound eleotrons at all. Furthermore, absorptionby a boumi-

free transition oan only take plaoe for frequencies

potential for removal of the eleo%ron in question.

free transition nmybs the only

with abouni-free transition of

The transition probability

range of final free states tith

possible OM, or at

avery loosely held

higher than *he ionization

For low f’requenoiesthe free-

leaat oan ooqete favorab~

bound eleotron.

from one definite initial free state f to a

the absorption of Mght of frequenoy between

-and fl+AY is of oourse the same CM (2.16) for the bound-free transitions.

However, the same frequenq oanbe absorbed ~ starting from~inltial free

state. Henoe, to fi~ the absorption ooeff’ioient,we must

(2.17) by the number of Uleotrons per unit tilum n(Ef )

7

of free states btween Et and et + d&f and integrating

~ oonstant.

multiply the oross seotion

d~~ oooupying a range

over all emrgies, keeping
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dffft“) derive anmymptotio expression for=Mensel and Pekmls

is that given by the Kramer$s formula. We oan see heuristically

must be by analoa with their asymptotlo expansion (2.14a,b) for

uhoee leading tem

what the result

bound-bound transi-

tions. If the initial free state is speoif’iedby a quantum number f, and the final

free state after absorption of light energy h- is speoified by k, then

@2

; (o) &k=*

where Z’ is the effeotive nuolear oharge. The f nuniberfor this transition is ob-

tai!wd from (2.14a) by replaoing n by if, m by ik, the degeneracy 2n2 by of, the

density of intbial states per df, and the bound Gaunt faotor ~ by a free-free factor

g-. Using the relations (2.25) we obtain
A&

(2.26)

whore

(2.27)

Then

(2.28)

It might be thought at first that a ftwborof 2 is I.aokiugfrom the above equation,

sinoe the number of states withina frequeney dW is 2 ~ d~, sime eaoh level k my

have an eleotron with either of two spins. But for a dipole one eleotron transitiOBC

the ffi would be zero for a ohange of spin direotion, so we need oount only the

states oflom spin.

We now substitute (2.28) into (2.24). We shall later show (see Chapter IV) t~*

p ,A9q’d%) : O(Ef) s ● where O(&f) is the density of states of the free

(7)
Ibi(l.
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per unit energy interval and~: I@. We obtai.nfrom (3*25b)

=~d~f/df =~(no)%z’/~3/2tiore *Z is

in our system and the faotor 2 takes oare of

the terms givtm

the number of nuolei of alawxio

eleotron spin. ‘%xthering

.
where a faotor q for the availabili~ of the fi~l state has been addede For non-

degenerate free electrons we ~ safely negleot the terra1 in the denominator and

-C@
put q:la Than the integral gives 1 e

3
so that

●

. where

(2.31) Eff : 1 + ●1728
w (~y(’~?~%+

m

and A* is given by (4041a) below.

Just as with photoelectricabsorption we have the relation (2.13) for the,.,

probability of the inverse prooess.
,“

40 Pair Production.——

A

;
.

To produoe a free
.

eleotron-positron

at least 21U0’,while even the production

pair requires inoident quanta of energy

of a bound eleotron and a positron re-

quires energies greater khan mo2. In all our discussions the temperature will

be so low that the amount of radiation of such high energies is mgligibleo We

may, therefore, safely neglect pair pxwduationo Moreover there will be praotioally

no positrons in equilibrium at these temperatures and so we may negleot the inverse

prooess of annihilation.

—.
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S. Scattering.

The orosgl-seoljioufor scattering . ooherent, Raman, and Compton - may be

found, for example, in Heitler
(8)

. There, however, the ease inwhioh initially

only one qwmtum is in the radiation oscillator of the inaident beam and none at

all in the soattered beam is considered. In order to find the transition probability

we must multiply these oross-seotions by the inoident intensity and by a faotor

aoattered beam. The term in ~

Consider then an inoident

having

plaoe,

ia

(2.32)

number of quanta In the radiation oscillator of the

is the indwed scattering.

Ybeam in the dtreetion speotfted by the veotor ,
A

speolfio intensity Iy~). The probability that a transition will take
A

scattering a quantum of energya)’ inadSreotion speoifiedbyfl within~’

‘%])?%

where no speoifies

ddtidd : dfl(

the initial state o? the scattering p~tiole,@is scattering

angle and d
f

is the usual differential scattering oross seotion. The scattering

oeefi’ioient,i.e., the inverse man free path for scattering is then

where the swn Iexbendsover all states whioh oan soatter this frequenoy.

For Compton scattering from free oleotrons initially at rest, the differential

cross seotion is

2

(2,94)
‘O d~’

d~ (:ti,og~) s ~

F(fiw) s _A?-?-

[X+F(l-W)]2

w ~ 00s0,
[

-2 2
1+- fl-

‘/

(l+#)(l+r[l+]) ‘

~ :lti/iM2, and r. se2/mo2 : olmssioal eleotron ~dius.

(8)
W. Heitkmj, QwMannTheory oflladiation, pp. 129-157.



To first order in ~, this reduoes

2

(2.35) df)(ti,o,O) :
r

+ df).’ (1# ) 1-2 ~(1-w)1
whioh is sufficientlyaoamxte for

scattering from an eleetron moving

our purposes. To get the oross seotion for

with velooity $, we simply apply a Lorentz

transfornxition. The result, to the sanw order as (2.36) is
‘Q%

d+(#,+,@) ~ r2
(2.36) \

+dd (1.-W2)[1 .Zw(l.w)] ~~p

+ ZOOS GL.+ (v2/c2)~oo82&+*) j (Oosk=eosd’)ql+) -dj”
Another relat:Lojwe shall need is

frequencies

the oonneotion between inoident and soattered

i#iiZFj $ ~’ =h;/mo2 ,

The &emerls-Heisenberg formula for coherent or Raman scatter5.nggives a cwoss-

seetion whioht,exoept for frequencies near a resonanoe line of the atom, is of the

same order of magnitude as (2.35). This formula gives the scattering contribution

of bound eleotrons. Now there are usuIBllymapy more free electrons than bouz@

so that the major part of the scattering will be of the form (2.36). Moreover,

the soatterin~ oross-seotion for bound eleatrons is generally small compared to the

photo-eleotric cross-seotion. We will, therefore, never csommita serious error if

we use the cxwss-seotion (2.36) as if it held for all the eleotrons, bound and freeo

The question of resonanoe scattering must nowbe disposed of, for the oross-

seotions then become exceedingly large and it would be improper to use the simple

formula (2.36). Heitler disousses just this question and he oonoluded that if

the atom is irradiated by a“oontinuous speotrum “the resonanoe fluoresoenee behaves

with regard to the shape of the line absorbed and reemitted exaotly as if two in-

dependent processes@ an absorption and a subsequent emission took place.” We must

not regard absorption and resonanoe scattering as two independent fates whioh my

overtake an atoms but rather aonsider that an atom may be excited to an intermediary

statee and either remain there, in which ease we have true absorption, or else re-

turns to a luwer state in which case we have resonanoe fluoresoenoe. In calcsukt-
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ing the total oross-section for all processes, we see that resonance fluoresoenoe

has been inoluded in the term for line absctrption.
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111. THE OPACITT COEFFICIENT. —.

The opaotty coefficient is a partioulm weighted average of the absorption

ooeffioient disoussed in the previous chapter. This relation results from a

cousideratlon of the equation

treatmmt of this equation of

stellar interiors is given in

ever, SS reS%r~LOtedtO Simple

for energy transport by radiation. A very mmplete

radiative transfer and the solution appropriate to

Chandrasekhar(l). Chandrasefiarts disoussiono how-

absorption am!temission prooesses.

in the field of stellar opacities have, by analogy, used the saws

scattering prooess, or oombinatione of scattering and absorption.

Other workers(’)

relations for the

It was pointed

out by Dr. Maria G. Mayer that this is only approxlsately truet for pure scatter-

ing,the error made overesttites the mean free path for radiation by SW. Although

the difference is small, it is necessary to see how it arises. We shall, therefore,
the

repeat~oonventionalderivation of the opacity coefficient, inoluding the scattering

terms.

We shall first write the equation of radiative transfer in terms of the

quantum meohanieal oross-sections or tz%%nsitionprobabilities disoussed in

Chapter 11. Weloonsider a beam of photons having on~d~ dfide quanta of

frequenoybetueen 2J and ti+ dfl travelli~ within the solid angle d~ of a

speoifio direotion, and normally incident per unit tinw upon a mrfaoe element d&.

The speoifio intensity of the beam is then I(z) =htio ny. In traversing a length

ds in the direa.tionof propagation some photons will be absorbed or knooked out of

the beam, while others will be added to the beam by emission or scattering. The

number absorbed,from the beam in unit tinw is

The sum is

absorb the

over all transitions, bound-bound,

frequenay d. The number emitted

d&o

bound-free, or free-free, whioh oan

into the beam per unit time Is

(1) S. Chandrasekh~, Stellar Structure, pp. 198-213

(2) Morse Astrophysical jourmsl,92, p. 30, 1940.
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* (3,3).
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where.
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8

(3,4)

,
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4

..

J.

Soattsred out =

soattered out of the beam is

I@) d: is the number of electrons with velooity veotor between$ and

d$. The number soattered into the beam is

%. I

Mding up the 4 contributions (3.1) to (3.4) with the proper signs gives the net

gain in number of photons d
[
oBydtidfidcr

1

in the beam as it traverses ds in the

steady stat.. Then

(3.5) o.* : ~ %(4 +“
[

# ‘*b(*)
-1 + -’g .w~~

s 1

We now ktroduoe the asswnption that,at eaoh point in our medium 100al

thermodynamic equilibrium exists. Then

Furthermore htroduoing the relation (2.13), the terms iwolving absorption pro-

(~) @ -M )
~ (14

sharp Imxlnnmlat

all plaoes in the sum exoept in #&J) 0

—



a.
“*

-.

-%4

.

b

.

\

P
&-

.

.

}

.

;

L

..

Q

-21-D

With the use of definitions lib (2.9), (2.20),we then get

dI* (absorption)
(307) ~ :~ab~ (W) (I.-e-u) (Bz - 1~),

-u
e
—;
l-e-”

(3.8a) U= J&.

The terms involving scattering may nm be simplified by repl~i~ the transi-

tion probabilitiesby (2.32). This gims

It is worthwhile to note that sinoe the oross-seotions involveO only in the form

w z 00s 0 , and sinoe 0’ ~ -~, it is permissible to replaoe~’ by ~. For the

simple case of Thomson scattering from eleotrons at rest - the most important

ease in praatioe, we get

It can be seen immediately that the terms in induoed scattering oanoel exaotly,

leaving

The exact solution to the equation of transfer for absorption alone may be

worked out. The result can then be expandc,d,the zero order term giving isotrepio
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radiation, and the first order texnngiving the cliffusion

tion. It is only in this type of approximation that the

appears

sider.

(3.11),

(3.12)

- hmve~mr, the approximation ia an exoellent one

theory type of’approxima-

Rosselati mean opaoity

in systems we shall oon-

We, therefore, employ this expansion to solve the oombined equation (3.7)$

by putting

Substltut%ng this expansion in (3.7) and (3.11), and oolleoting terms not containing

stnoe the scattering terms oanoel to this order. Henoe we must have

sinoe the contribution of the integral lU (3.11) is negligible to this order. In

orderto satisfy (3.14)~> must be

where

Thus we see that in this approximation scattering and absorption must be treated in

different fashion. The physioal reason for this is that the stimulated scattering

tending to weaken the beam is exaotly compensated by stimulated soatterin~ tending
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to strengthen the bem on the other Mud the

the beam and nc~thingcxkncompensate for thi8.

stimulated emission strengthens

The effeoti- absorption coefficient

must, therefore, be reduoed by the faotor(I.-e-u).

Usingthe zero and first orderterms in (3.12) we can oompate the flux of

energy of frequencies between W and ~k d>

where ; is a unit veotor normal to the ourfaoe over whioh the flux is de8ired, and

w have a88um3d that the spatial variations in the conditions of the system are

solely due to a temperature gradient. The integrated flux is then F =
“ f“

F(#) dti.

By introducing a mean free path properly averaged overall frequenoiets-;he so-called

Ro8seland mean

fo

(3.20) B=
I

2r4k4 #o
V%=

do

The energy density nmy be found from (3.12) since
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The first ordor term inJ win both the6e equations vanishes identimlly, so that

(3.21) tmd (3,,22) are oorreet to the same order as (3.19). Combining (3.22)wlth

(s.19), U9 havw

(3.23) ~: -: Agradu.

& lntroduolng the expression (2.8) for BZ and (3c20) for B, the expression

(3.18) simpltties to

(3.24) ~.+ Swla U4 e“ (8”-1j’ due
o

The effeotive mean free path for radiation may be alternatively expressed in terms

of the mean

(3.25) K

~ being the

Cussionso

opaoity ooeffioient per ua,ttmass E by the relation

‘I+r’
density. It is this quanti~ whloh is usually used in astronomical dis-

The offemt of the preeext treatment of scattering, oomparod to the usual praotioe

in opaoity disioues50mis mu olear. If there is no absorption our treatment gives

s“(%26) A: ~: ~ ~ U4e“ (e”.l)-zdu . v
o q=d’s..’

o

while the oonwmtional treatment gives

($.26a) A=

Inmost oa8e8 of

involved and the

astrophysical interes’t,scattering is not

errorts correspondinglymuch less.

●

the most important prooess

We oan now see in outline the st{9psmeded to oarry out the oaloulation of the

opasity ooeffiaiento We must first determine the absorption and scattering ooeffi-

eients. This requires a knowledge of the ~oss-seotions listed in Chapter II and

the ooeupation number - the subjeot of the next ohapter. The averaging prooess

indicated by (3.24) must then be oarriod out.
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XV. STATIS’?YCALMECHANICS OF IONIZED ATMOSPHERES—.— .——

10 Introduot~o

The methods of statistical meohanios will furnish the oooupation numbers

needed in theloaleulation of the absorption oeeffioient. ~ suooeeding se~tio~

develop a convenient method for performing this aaloulstion to good approximation.

TU additlOn, statisti~l me&aDLes gi~s u desor$ption of phenomma n18ted to

the breadth emd dispersion of speotral lines. This angle is Msoused in s--

tione 6 and 7. Lastly, it is a simple matter to oaloulate the thermodynamic

fmotions of our material onoe the oooupation numbers have been %reated. While

this is not sbetuallyneeded ina oaloulation of the opaoity ooeffieient, it is

an extremely useful ~-wOdUOt. We otzrryout this treatment in the Appendix 1.

20 Quantum Meohanioal Description of the System.— .— ——

We assure that the systemwe deal with is in thermdynamio equilibriumat a

temperature T azxloooupies a volums V. Although our entire system is not in swh

an equilibrium, the gradients of the thermodynamto variables are so s~ll, that ne

may oonslder that at eaoh point suoh m 100al themdynamia equilibrium does exist.

Furthermore, the temperatures we disonss will be so low thatwe may ecsapletely

ignore nuolear reaotions and pair production. ‘fhenwe may desoribe our system

as oompoeed of N nuolei of whioh NZ hnve atomlo nwiber Z, associated with n

elootrons just sufficient in number to make 1?neutral atoms. That is

n=~ZNzo
z

Clearly= have a system of many partioles with strong interactions. Folloulng

the usual ndhod of separating out the effeots of the nuolear motions, we then

express the e:leotroniowave funotion c~fthe system as a proper~ antisynumtr%sed

produot of ono eleotron funotions obeying the Hartree-Fook Equations(l)e

(1)
F. Seitzl)Modern Theory of Solids, pp. 243 ff.
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The essential features of the one eleotron wavw functions are a~pareat

from phyeioal oonsideraiiions,and may also be derived by inspection o? the

Fock Hamiltoniano For large energies, the kinetic eneryy term in the

Ihmiltonian dominates, and the wave functions approach those of a free

electron. They are, therefore, independent of the positions of the nuolei.

For 1~ energ~.es,on the other hand, the interaction term with the nuolear

potential becomes of equal lmportanoe to the kinetio energy teru Beoause

of the sh@lsLri& in the potential at the ponition of eaoh nucleus, the be-

hatior of the wave funotion at any position is largely conditioned ~the field

of the nearest nuoleue, seoondari.lyby the nearest neighbors, and is hardly

affeoted by more distant nuolei. We, therefore, expeot that near a nuoleus,

the one eleotron funotion will approximate the shape of the atomio wave funo-

tion of the isokted ion. In this extreme the wave funotione depend only on

the distanoe from the nearest nuoleus - and are independent of the relati=

position of the nuolei, just as for the free eleotron extremO

---
i ... A model whioh embodies

At first si@t this appears
\-

the system, since we should
.

these essential features is the crystalline solid.

to be a violent di8t0rti0n of the actual state of

not expeoiiany long range orystallino order at the

high temperatures with whiohwe deal. The model will, however, provide the
s

proper qualitati~ features of the wave funotions for a system of many nuolei

. throughout whLoh the eleotrons are free to roam. Nkturally, aqy features

oharaoteristio of the striot periodioi~ of the lattioe are simply introduced
.

artlfioially by our model. Those features of the orystal model, howevwr, whioh

depend on near mighbor8 only should apply to our system, for there will be a
:
& 100al ordering effeot corresponding to that present in ordlnery liquids.

. Reoisely, as in the usual theory of metals, we oan use the Block approxi-

mation of periodio wave funotione for the eleotrons. In the low energy ease

@
the energy levels will correspond alosely to those in the isolated ion, except

.

that a single ionio state is Nz fold degenerate. This results beoause we oan
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~ independent pariodi~ Bllmchfwxstions from the I?zzero orderCsonsbruotN

functio~$ each of which corresponds to the electron being on any one of Nz

different ions. This degoneraay is removed by interactionswith neighboring

nucleia so that finally we shall have in our orystal a narrow band of Nz states

in the neighborhood of eaoh state of the isolated ion. The wave funotions are

of the form

where J(&~n) is an atomic wave funotion with origin at the nuoleus looated at

A
rn. As the energy is inoreased~ *fieatonio wave functions of neighboring ions

overlap more and more@ thus widenhg the band. Eventual~, the bandwidths will

exceed the distanoe between atomio levels, and we shall haw a quasi-oontinuum

of states. At about this energy the approximation of looalized atomio type waw

funotione breaks down, for the functions overlap several nuolei. Moreover, atomh

funotions from several levels must be considered in building up a good approxima-

tion from (4.2). The transition stage of the onset of the oontinuum leads naturally

into the stage when the atomic wave funotions beoome oonstant throughout the orgstal.

For high enough energies the funotions (4.2) are of the free-eleoimon IWIM.

The nature of the eigenfunotions in the transition region is oomplioated. We

are fortunate~ therefore, that in our system (in contrast to the usual metallio

state) only a

.
regionc This

. tion of these

very small fraotion of the electrons will populate states in this

results because the Boltzmsum faotor in the probability of oooupa-

states is rather small compared to that of the olosely bound low

;
energy statesj)while the a priori probability faotor is not yet so large as in

●

the high energy free states. The contribution of these transition states to the%

partition funotion of the system is, therefore, small, and for the thermodynaasio

--

Q

properties of the systemwe may treat them roughly. The apprcocimationwe shall

use in our statistical meohanios is to ignore the details of these transition

states complete~. For the low ener~ states, we shall use atomic wave funations
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and henoe term them bouti states● For energies greater than a oertain limit

whioh we term the out-off energy, w shall use the eigenfumtions for free

eleotrons. Sinoe the transition states are statistically unimportant, the

exaot position of the out off ensr~ is not oritioal. We shall return later

to the question of fixing the cut off energy.

The oiroumstanoe that the transition states do not affeet the thermodynamic

properties of our system is no guarantee that they will not seriously uffeot

the optioal propertiee~ We @hall see later that the most critioal element in

the Rosselandnean opao%w IS the prosenoe or absenee of absorption in oertain

frequenoy regions. We must, therefore, examine whether the onset of a oontinnss

of
)

In.

to
b

one electron energy states will load to a continuous absorption spectrum.

the Blooh soheme an examination of the transition probabilities proves t~is

be the ease. This Is not neoessar:llytrue in other approximation sohemes.

m The irregularitiesin our lattioes however, will undoubtedly provide the con-

tinuous absorptionue assume.
w-

There is still another and more serious short-ooming of our one-leotron

%“
approximations This is the negleot of correlations between eleetrons positions,

. exoept for t’hatdiotated by the Pauli prinoiple. These correlation emrgies are

. so small that they do not affeet the oosupation numbers of the one eleotron states.

They are, howswr, deaisive in determining the line absorption contribution to the.

opaolty. ~,k6 is so beaause the number of bound ener= levels in our complicated

.
orystal, is, in the one eleotron function approximation,exaotlythe sams as in an

. isolated one eleotron atom.

: very few very strong lheso
.

into very many lines of the.

The speotrum would then appear to oonsist of just a

Taking correlations into acoount would split these

same total absorption strength. The next chapter

share that having the absorption strength distributed among many lines very much

@

enhanoes their effect on the opaoity. The treatment of those correlations by
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th.e“ioniow method is the topio of seotion 5.

Another fdwre of our approxisrationwhioh bears matohing is the “missing”

bou~ states whioh have been exoluded hy the out off. Of oourse, these are not

missing at all

of the out ON

states●

W5th this

but have been merged wifh the oontinuum. The absorption strength

bound states should be distributed at the beginning of the free

quantum meohanioal approximation,we now prooeed to examine the

statistical smohanios of our idealized mode”l.

3. Statistiodl Meohanios - Itiepetieti Eleotron Approximation.—0 ,~v ●—

The objeot

fInd the umber

temperature T.

of

of

We

this seotlon is to use the methods of

eleetrons in eaoh el,eetrcmiestate in

shall here assume for simplicity that

stat~stittalmsohanics to

equilibrium at the

the eleotrons are completely

indepewlext of eaoh other. The next seotion will treat the eleotronio interactions,

but the final results oan be thrown into essentially the same form as for inde-

pendent eleotrons.

me naturw of the energ levels and the de~ity of states has been disoussed

in the previous seotions. thIf OiZ is the degeneracy of the i— ionio Ieml. e~rW

e~#of a nuoleus of oharge ~, there will be a band of l?Zd~ states at this energy

in the system. Such batis will persist for all energies &u < &o less than the

out off. Sinoeteleotrons obey the Fermi-Dirao statistios, the number of eleotrons

in the iZM level will then be

dwhere - 1 a@ OL h the no~ization constant with the physical interpretation
-m

thaty : -IcT CL is the free energy of the electrons.
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For energies greater than ~e, the density of

(~ eleotro~ with kinetie energy E - Eot This ia, in

(4.4) of(t) : ‘~?
[ )[
z(E - &=)mc? + (8- EJ2 * ~(E-tc) +Z102 ,

,,
-7

state wi11 be that of a free

the relativistio ease

“?
&

or expanding for kinetio energies snw,llcmzpered to mo2
b

.
.

(4,4a)

Then the

(4.5)
*

nuzher of free eleetrons with e~rgiee between

. The total nmber of bound eleotrone is found from (4.3)

.

,
(4.6) ~:EEw

Zi

b-

.

tiile the total number of free
C@

(4.7) q :
s

~(E)d&

E=E.

Of course, the total number of

(4.8) n:~4nf

and it ie this condition whioh

and (405).

eleotrons is from (4.5)

●

● ☛☛ 1●

eleatrone in the ~tem is the sum of bound and free

determines the normalization oonstant 4 of (4.3)

To use these occupation numbers (4.3) and (4.5) we must determine & . We
.

note that (4. 7) is the equation for a free eleotron gas, exeept for the one faot
s
u that Z+ is nc4 a oonetant given by the physioal nature of the system, but instead

T
var~es with the temperature and volum9c ~ may, however, be a rather insensitiwe

.
funotion~ and we my then empl~ the :Pollawingeahem of sueoessive approximateione.

*
to determine d . Aesuum a trial ~ ; usually WB may start by taking ~ s n the



total number

a relatitistio

interest - a
.
.

-. (4.9) d“:
“.
&
?

where
●

.

(4,10) d“

●3l-

of electrons~ Then use (4.7) to oaloulate& . For

and degeneracy effeots are small aorreations - the

suitable expansion of (4117)gives

the ease in whioh

region of greatest

Xnewlng ~, the sum in (4.6) must be clarriedout explioatly~ gi~x ~ am bY

(4.8) a seoomi approximation to ~. ~’hoqrcle is very

.
If a long series of oomputatlons must be made, it

OL to start. !l!honusing (4.6) we fid @ while (4.7).

rapidly convergent●

is more oonvenimt to fix

gives nffi. (Here N is

.

Y-
.

t.-

.

.

●

-i

the total number of atoms in the system). !l’henwe ~ find out to what mlue of

@J I.e., to what densi@; the value of ~ eorresponda.

4. Statistionl ?deohanios- Dependext Eleotrons.—- — o—

We nuw treat our system inoluding the eledtronio hteraotions by the method

of the oanonioal ensemble● A state of the entire system, symbolized by J, till

bo determined if we know the number of eleotrons in eaoh oneeleotron orbital of

the Hartree-Fook set of eq-tions ● Alt’hw@ =Oh of these no-ege~-te orbi*als

may have either one eleotron or none at all, we fInd it more convenient to group

degenerate or marly degerwrate orbitals together and such groupswe will designate

by small subscript i or j or ~. The ymnbor of suoh ubitals in the i~ energy

group; Le, the degeneracy;

(4.11) EJ = E

[

E
‘Ji Ji

i

we denote by ot. The ener~ of the state J is

.
5s the number of eleotrons

@

‘Ji

system is in the state J. Now

oooupying orbitals in the energy interval when the

the partition funotion till involve SUM over all
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states J of the system, but only states nmr the equilibrium value will contri-

bute heavily~ Sinoe the depetienee on J of the interactions &~i and VJi$ is

not pronounoecl,wo may insert smm average value Ei and Vi$ indepetient of J

instead. Moreover,

arbitrary but later

Then (4.11) beocsms

(4.12 ) EJ : i; nJi

we introduoe the set of numbers ~~, at present wholely

destimd to represent some average oeoupation of the region.

The first term in square braokets in (4.12) is independent of the oooupations and

mIW be regarded as the zero order approximt ion to the effeetive ener~ of the

eleotron. The seoond term in square brtlUketSgives the difference between the

detailed hxteraotion belnmen eleotrons and the anrage interaction.We may expect

thiu to be small and henoe treat it as a perturbation.

Now aoeonltng to the oanonioal ens~embletreatment, the probability of finding

OUr ~tk ISyS’bemin _ ener~ level be-eu ‘J a~ EJ ~ dEJ b

(4.13) pJ:f2Je

4? -+’EJ

●

where

is the number of states in the energy interval aEJ and~’ is the normalization

constant determimd so that

(4.15) ~ PJ:l.
J

1’Henoe in equilibrium in our system the number of eleotrons in the w region will

be
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(4.16) Dj: Z ntipJ ●

J

Substitute in (4.16) the appropriate expressions from (4~12),(4.13), (4.14),

introduce the quantity~” by the relation

(4.17) ~’ : n~” s 4“ ; nJi

and carry out the indioated operations to first order terms in the Vij. The treat-

ment is charaeteristio of the grand ensemble method~ The nmipulations are tedious

and scinewhattrioky but the result is comparatively simple, namely

(4.18) nJzy~
~- ‘J [[@-’)d(’@~J*

1]
+ &EnivJ~ - ~ o~P~ v~J 9

i+. &

where

(4.19)

(4.20)

(y : My 9

the arbitrary parameters so that the first order terms in (4.18)We mm ohoose

vanish identioally~ This gill?es

(4.21) iii :2 Cipi

Although the two equations in (4.21) seem contradiotory,thisreally is not so,

for themis absolutely nothing whioh forbids us to use

each n~ in (4.16). Substituting (4.21) iKltO(4.18)

answer

(4.18a) nj 3 0~ P~

a different set ~ for
3

and (4.20) gives our
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Comparing our results of the last three equatione

eleotron treatment, (4~3) for example,,shows then

the energy Eiz of the independent electron

energy ~~ of (4.22). We have, therefore,

approximationwith each eleotron subjoot to

(o~-l)y ?Xl

with those of the independent

to be of the same form, exoe~

case is replaced by an effeotive

justified using an independent electron

some averaged potential of its neigh-

bors, and we have found that potential correot to first order.

We can considerably simplify the result (4.22). SupposeJ represents a

bound level. Then the interaction V~3 between the two bound lewls can be shown

to be exaotly tho sa- as that oaloulated using atomio wave funotions whioh localize

both they and j orbitals on one particular ion. The temm in (4.22) due to the

interaction of a bound eleotron with the other bounds is, therefore,

exchange intexaotions of atomio theo~~ By far, the largest contribution oomes from

the spherioall.yqnmnetrlo part of the ooulomb integral, usually denoted by FO(i,j)

In theoretical speotrosoopy. It is more cmwonient, however,

constants O, , instead of the FOts, deflnsd by
J.,J

F“(i,f)

(4.23) ~,J= dE; I-Tz
The interaction energy of a boti eleoiwonwlth

proxirmted by the interaction of an atomio wave

of the free elsotrons

fore, we break up our

oieht size to (9nolose

oharge of the nuolous

the frees oan

funotionwlth

to use soreening

likewise be q-

the oharge density

in the neighborhood of one particular ion. Suppose, there-

orystal into polyhedra, eaoh containing a nucleus and of suffi-

%b is the averagea negative ohargo Z’e where Z’ = Z ._
Nz

and its bound electrons. Approximate the polyhedra by spheres

of the same volume, with radius aZ~. We then ha=
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a Tf the eleotrons am really completely free, the charge density will be uniform

throughout the crystal, and therefore
.
.

-.

“.
J-

b

(4.25)
Ztv

+lra~,:— nr

Moreover, there will be an

*

eleotrostatio

within eaoh sphere due to

free interaatlon energy

4 IZ

potential

“
the free eleotronsO and we obtain for the bound~ to

. (4.27)

-1

~J,,L
2Tf%g[3-(”2 /

.

where r2 is the valw of r2 awraged over the~ bound wave funotion. ?or a#

@

)bound state ., then,the energy t~ ‘beoozm

..-. (4.28) ~: &;z-~

[
f’? %+y z-l) ‘],L

/.- bound eleotroxi

ds~
To first order i.n— , this is the sam as

dZ
. —-J

(4.29)
z*e2

ml
z~+(~)+?q 3-*’,

where
●

1
(4.30) z]

=+*1* =1+# O=*.
z

%
We now must rewrite (4.22)for the ease that 1? represents a free eleotrono

.>
For this purpose, wo assume the bound electrons are looalized at the nuoleus. l!his

@
is generally an excellent approximateion. The free electrons move in the potential
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field, whioh is in eaoh ionio sphere

[m
,.-.

“.
>,

*

.

.

.

.

,

0.-.
..-
.

●

,
.
“.

r

%

.

m.

I

[

2el~l
(4.31) +=* 7“-

)
3+ ●

az‘

This is due to the nuoleus and boundeleotrons,and the frees. The energy EL

of (4.22) in this ease inoludes the kiuetio energy ~f and the interaction with

the nuolei, while the other terms in (4.22) give the interactionswith other

-—
bound and free eleotrons. All these interactions we just -e~,~ being awraged

over the volume of the ion. Henoe, for a free eleotron

We note that the interactionsham raised the energies of the bound electrons

from the zero order approximation of interaetiontith the nuoleus alone, while

for free eleotrons the ener~ has been lowered from the different zero order

approximateon

eleotron with

free eleotrons

beuoms

of no interactions.We now shift the zero of energy,

cero kinetio energy has zero total enqg, ~ adding

. This will have the advantage that the density of

so that a free

the constant

states for the

takes the simple form o(~f)d~f so(&f)d&f andhenoe (4.23)

Of oourse, ohanging the zero of energy has no effeot on the occupation numbers,

sinoe it nwrely replaoes

beoomes

~“ by another normalization constant

Z’2e2
299 ●

With this ohange in zero of energy, (4.29)
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Nuwwe shall somewhat arbitrarily plaoe our division Into bound and free states

at the zero in mr new energy soale. This means that whenever ~~Z of (4.34)

is positive, that state is not bound,, In most oases the higher states of an

ion have their el otrons
J

.—

(?
therefore,~r, /N3 5.

z

rather uniformly distributed in the ions sphere and,

We oan, therefofe, generally “out off” the bound states

at about

(4.35) 9“ &j(q) :3- “

The relevant equations

summarized in final forno

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

for oaloulating the occupation numbers will nowbe

+1 ‘

t+=%?, z‘/z
sum for all =>Z< 0,

z
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and as an explicitly equivalent ●f (44,41)

This set of equations is soxwmhat deooptively simple in form, for it must

eatually be solved by a somewhat lengthy sarles of suooess5.vaapproximations.

If we are given the

an4*, and a s~etof

our system haslonly

polation in a table

temperature T and vohme V, we must assume a set of ngZs

az~ satisfying (4.43). (The latter is, of oourse, trivial If

one element.) We then oaloulate Z~ by (4.38) and by hter-

of ener~ levels find &~(z~)e Mearxvhile,by (4@4) oalculate

Ze● We can then inmmdiately getE’~Z and by (4~36) a new set of n~z. W (4.40)

WQ get N wh~ahw~th (4.42) gi~s qe

**. Moreover,using (4.43a) gives a

we oan establish our final oooupation
—A

‘ioj’
energy levels, arrlr2 needed

Table 2, 3, and 4 respectively.

Employing ~ in (4.41a) we arrive at a new

‘new set of azt. Continuing this oyole,

‘numbers,The tablea of soreening oonstants

for the calculation are presented here as

one approximation made in the forogoing set of eq=tion is the assumption

of the utiform ohargedistribution of the free eleotrons. An improvement on this

approximation,whiohalso demonstrates the range of its validi~, is gimm in

AppendixII.

5. IonicOooupation lhsnbers.——

A somewhat different model for ourIsystem was mentioned briefly in the last

seotion - the ionio model. We shall now desoribe the basis for this

tuorefully, show its relevanoy to the opaoity problem, and irxliaute

results may be applied in this oase~

model somewhat

how our pretious
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will be

between
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knuw that if an eleatron is in a sta%e of sufficiently

temporarily bound to orw nucleus. Booause of the high

low energy, it

coulonibbarrier

neighboring nuclei, it will remain bound for a considerable time - indeed

it would be improper to use atomic wave funotims for the eleotron unless it re-

mained bound for tines long compared to the tiresof revolution of its Bohr orbit~

Naturally, several eleolxons may be bound to the same nuoleus at the sameti.me~

The interactionsbetween the eleotronswill not be expressible in terms of the

treatmnt we hawe hitherto used, for the correlations whiohwere negleoted are

now of deoisive importance. For example, a

will behave muoh differently, particularly

onewith 2K and four boundL eleotrons. We

nuoleus with two bound K eleotrons

with regard to its speotrum,than

oan take these correlations into

aooount by abandoning our simple “produotof one eleotron funotione” approxi-

mation and using instead funotions whioh depend upon all the ooordinate8 of’

the bound eleotrons of eaoh nuoleus. ‘fhisis equivalent to describing our system

as oomposed of many different ions in a dynami.oequilibrium in a sea of free

eleotrons. Applying the statistical meohanios appropriate for systems undergoing

“ohemioaln reuotions, we oan get, for example, the number of ions of eaoh type

in our systeml,and the distribution of the ionsamong ionioquantum states.

Essentially the same result is obtaixwd by tho uae of the oanonioal ensemble

treatment for dependent partiole systems i$?m appropriately express the energy

of the system as the sum of ionio energiesfifree eleotron energies, and inter-

action energies between these oomponentso Tho latter msthod has the advantago

that we are able to take into aooount, to firstorderat a% rate,the inter-

actions of the free eleotrons and Ions* This model, whioh is oertainly to be

preferred to that of the

the superposition of the

rioh line speo%rumwhioh

pretious seotion, gives the speotmssof our system as

maw differeti ionic speotra. It is preoi8e~ this ve~

oauses the lines to be so important in the opaoity problem.


