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ABSTRACT

UILLIRIIN tuw

A calculation has been made of the result of the following sxperiment: a

gource of neutronz is surrounded by a sphore of active material snd a fisaien counter

is placed nearby.

Tho count is compared when the sphere is in place and when the

sphers is removed; the ratio (M) of the two counting rates ie a messure of the re-

agtive properties of the sphere,

the results of the experiments of Group R-=3:

The results of our calculations are compared with

Sphere
Material Diameter Counter Yeale Yebs
2.5 63% 25+ 37% 28 1.381 . 1.35 £ .02
3% 25 28 | 1.082 1.13 3 .02
+ 2I% 28 50" 63% 25+37% 28 2.252 " 1.28 ¢ .06
. 28 1.032 1.07 £.05
Hormal 2.5 63% 25 +37% 28 1.04i 1,031 4,011
Uranium ° 28 0.707 0,760 4,012
63% 25+ 374 28 1,199  1.202 £.012
Flutonium 9" 26 1,176 1.175 +.015

In the case of the 2.5" 25 sphere the outcoming spsctrum bas also been calculated.

The agreemont with the spoctrum as measured by Richards is satisfactory.
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MULTIPLICATION OF NFUTRONS IN SMALL SPHFRES OF ACTIVE MATERIAL

1. INTRODUCTION

Recently a number of experiments have been performed which measure the

multiplication of neutrons by smell spheres of active material. (Compare also

LANS=227, 230) These experiments are essentially differential and serve to check
our data on the neutron processes in active material.

i shall celculate theoretical quentities to be compared with the resalt
of the experiment performed by R. L. Walker, J. H. Manloyl) and co-workers of Group

R=3. The experiment is performed by surrounding a source of mock fission neutrons

with & sphere of active material. A suiteble distance away a fission counter records

the counts when the sphere is in place and when the sphere is taken away. The ratilo
of the counting rates is a weighted measure of the production of neutrons due to

fissions taking place in the sphere., We will call this ratio the multiplicatione)

and will denote it by M.

The experiment has been made using spheres of 73% 25 +27% 28, normal
urﬁnium and plutonium, Furthermore wlth each sphere the measurement has been made
using both a 25 foil of 63% 25+ 37% 28 and a 28 foil as detector. The 25 foil re-
sponds to neutrons of all energies; the 28 foil on the other hand has a threshold

at around 1,1 Mev. The 28 counter, therefore, will be much more sensitive to in-

elastlic colllsions taking place in the sphere.

1) LAM5-207, p. 16; LaMS-222, p. 9; 1A-101.

2) Strietly speaking the term multiplication applies only to the ratio of the count-
ing rates when the counter has a Ilat response. In this case the multiplication
represents exactly the number of neutrons produced per neutron from the source
end not merely a rather complicated weighted measure of this quantity.
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2. FRXPANSION IN NUMBERR OF COLLISIONS

The spheres of active material used in the experiment had radii, a, which
wore leas then a mean free path. This means that most of the neutrons that meke cole
lisions will make only one collision in the sphore. A few will make two and a very
few threes. This suggests a study of the problem in the form of &n‘cxpansion in the
number of collisions that the nsutrons make. The natural parameter of such an oxpan=
sion will be ao, where o is the reciprocel of the mean fres path. For our sphores
then a Zas <l. In the calculations we shall take the unit of length to be the
radius of the sphere.

The effects of surrounding the source by the sphere of active material are
twofold: first, the flux of neutrons that came directly from the source in the no-
sphere experiment hag been attsnuatsd by the collisions performed in the sphere;
sccond, the collisions occurring in the sphore multiply the number of neutrons and
present to the counter a distributed source in which the intensity is a funetion of
the distance of the point of the sphere from its center. The flux of neutrons that
comes directly from the center is attenuated by'the factor e°qnﬂm32. Let us under=-
stand this from the point of view of an "expansion in collisions™. %We need only
study e-% since l/LﬂRz is a purely geogetric attenuation. Consider then a slab of
aotive material of thickness egual to b. Suppose one neutron enters the slab n

normally how many neutrons emerge which have not suffered eny collisions at all?

2 x Y

{* "y ]

‘o dax b
Fig. 1

Transmiseion through a Slab
Let & be the probability of a collision per cm. If we now consider only single

collisions, we say that the number of neutrons lost in dr is Gdx and therefore

e UNCLASSIFED
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throughout the slab the loss is‘g.ﬁ), ,Tiw xgi«pﬂiq;' hi‘ noutrons that emerge is therofare
l-ob. If we now include the consideration of double collisions we would séy that we
have subtracted out too many neutrons because we have just seen that due to eingle
gollisions dx fewer get ©© x. Therefore at %, thore will be Gxoddx fewer noutrons
taken out of the beam, And across the whole slab 0“b°/2. This argument in terms of
collisions is continued and we sed that mwe obtain the developmont of o=, This
argument in tesrms of collisions is continued and we see that we obtain the develop-
ment of €”®®, The term in (ob)? represents the effeect of n collisions gontributing
positively or negatively to the outcoming beam.

In the casga of tﬁe sphere of active material we will use oxactly this type
of reasoning with the addition that neutrons can be created by fission. The caloula-
tion will be made in the following way. We will first assums that all tﬁe neutrons
have the same energy, end that the foil is activated by neutrons of this energy. we

- %11l then calculate the nultiplication on this basis, From this we will get tho

correct multiplication by introducing the proper averages in each collision.

3. SINGLE COLLISIONS

Let the source smit Ly neutrons per sec, and let the counter be at a dis-
tance R from the source. Then the flux at the counter when the sphere is absent is
R°2 sec=l, In calculating the multiplieation we always require the number of oounts
with the sphere relative to a single gount without the sphere. This conversion may
be obtained by multiplying the flux at the counter with the sphere in place by RS.

In the sphorical case we also use the method of eollisions which was illusa-
trated above in the case of the alab., In this method, the multiplication is given by
the sum

1+ My (single collisions)+ Mp(double collisions)+ ...

,

APPROVED FOR PUBLI C.RELEASE
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We will now calculate Ml’ the contribution due to single collisions. Lot
(r,p) represent any point in the sphere, and lot p be the distance of (r,m) to the

eounter.

counter

Pig. 2

Geometry for Single Collisions
From the figure we have 92= R2+r2- 2rR . The'f.lux of neutrons from the
source at any point r© 1is l/ra. The element of spherical volume is 2ﬂ‘r2drdgm, There-
fore the numbsr of collisions per sec taking plnee in drdp.is Q‘Eﬁﬁrdp«. Lot 1ff

neutrons coms off after each collision. The conitribution of these neutrons is

a(14f) 1 a L dw a(l+f) 1 dr R ewl-fr‘:’R

1
> . r -lvg)—é-.————é—-— . z 1ex-/a"°‘(1*f)(“'é'§2*5_?}}§"°°")
The net gontribution due to mingle collisions is this plus the term, -, resulting
from single-colligion attemumation of the direct bsam froem the sourees to the counter
My= x(3+0)(1+ 1/0R% ¢ 1/25R 4 .00 ) =@ (1)
If R —yc0 we obtain just «f. This is the number of neutrons produced by & noutron
traversing the radius of the sphere. If in Eq. (1) we let £=0 we have
M,y «(1/9R2+1/25RL‘ 4 o++.) .which means that even if only socattering occurs, there is
still multiplication. Thia clearly comes about from the fact that the sphere of
material effectively brings the source cloger to the counter, .In our experiments

R~2 and the geometric multiplication is ~3%.

L. DOUBLE COLLISIONS

When only single collisions are considered, we say that a ray of neutron

starts from the source, mals3g 1£§2c}*a8" nome point in the sphere, and then goos

APPROVERSFOR *PUBL] C*REL EASE
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to the counter. The »onaideration of double collialons is & refinement of this
pioture. Some neutrons will ha seattered out of the ray before they can produce this
collislon, ¥e say that these neutrons undergo a double collision process. Supposzo
that the collision has taken place and a ray of neutrons is on its way to the counter.
This ray must pass through soms matter in the sphere and a cortain nunber of nesutrons
will be scattered out of this bsam. This is a second double collision process. A
third double collision process takes place whon the neutrons perform a second col-
lision after their first cellision and then go to the counter. Finally there will be
the contribution of the direct beam from the source in double cellisions.

The contribution %o the multiplication of the direct beam is « /20 The
contribution of the two fission coliisions can be calculated in the following vay.
The first collision produces a flux of ncutrons at (r'by) of 2fi(1+f)drdp, Lot the

socond collision take plaee at r. Then the flux of neutrons at r» where ;}'=:QOBQI§E

is .
2aer) 1P ap _&Pee)?f ap goENr
2 ° a1 FRer'2 . gp pu* ar o Ir? ‘r’orl
The contribution to the multiplication is therefore
Ce2(+£)2 |} b oare ripr 3 au
QN e e =
b o o ' ‘r'“?f -1 P/R
271002 {1 1 2 1y
a“(1+f) dr* riar 1yr 1fr
- drl‘ﬂﬁ/-—-—-——— 1+‘-<‘“)+" '-’) seecse
2 Jor o TR REACIAE AT
Performing these integrations we find
1 {#° 1 5l 2

The contribution due to attenuation and then fission is obtained a&as follows. The
number of neutrons taken out of the beam is (1/r2)grza/r. Thersfore the loss in

multiplioation because these neutrons did not produce fission, is

APPROVED FOR PUBLI C RELEASE
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Eo: Eocsgw. ;oo ;.E 'o:
' 2 1 108 ¢ RN
- _® (1+f> ‘if‘"- 002000. .o 1 1 1
Mg(&tt-)-—-—-ﬂ—a ordr 01';271-{2—0'&( +f (2*5.1452*506&&%0---) (5)

Finally we come to the loss in multiplication due to the nesutrons lost on the way to
tho counter after fission took place, If the distance traversed in the active

material starting at (x',y-) is Z, +then the loss in multiplication is

(1) |} Loaua(r,m
= My{att.) =z ——ieal dr
o(att.) > . 4 "ﬂ;g7§z-" ()

Let us find what this distance Z(r.p) is, From

Fig. 3 va have ' -.“\

(rezp® )2+ 22(1-w2) = 1
Z2 = r(/p%s 1-r2)/r2 - W)

We will now change wvariable of integration from

f- to p* in Eq. (L), Let r/R=x.

p = Bper = (}(-Jﬁ) :—:-

P
Pig. 3
Rz /lex2= 2px = 1-pxtd x2(2-
9/ px s % x&( V? ) The Attenuation Distance 2

and

gt (44-24) xw% (1»}1..2) ,.«xe
neglecting higher powsrs of x than the second. To solve for j+ in terms of P." lot
M=l Xy +x2 Poe If we substitute this in the previous equation and then set the
separate coofficients of differont powers of x equal to zero we find K =1- /;.'2,
Moo= = p(1-pB)/f2

pos 4 (1op2) 5o p(2-p22) K2

d x2
o = - 2wn- (e3wd) 5

APPROVED FOR® PUBLI & RELEASE
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=1 $>2,/R§ '_1 l- 2,«1 fxz
) .
T r°2+(1=r‘2)/r2‘= W)(l'rz% (1-p2) xa) dps

On carrying out the integrations we find

2 1 1 2
a=(14F) Zap 2 (.l 1]2 L0 )
e M att.) = —r—dmade dar L e 1 l-f-f ......?l + Posse
2( ) 2 o .1 92/R2 ( ) 4 ( )4 ) 128R2
We have thersfore the following result
2 2 1 2 2 1
H :g“'*ue 1‘_1’2.; E"“'l #—“'T’ Li"" 4+ oeee = 21“'1‘ + +o.oo
2 2 ( ) {& ( L‘ ) 2hj¥£ ( L‘ 3) o ( ) i* 12552

o o (5)
- 4:2(1'2-1')[% (-Fl-‘-fl)'rife%ﬁ?fn..}

5. REBAINDER .

With the calculation of the contribution to the multiplication due to
neutrons that have made two collisions, we bring to a close the calculation in terms
of collisions, and we will now obiain the remainder of the multiplication by an ap-
proximate mathod,

re will adopt a method first applied by Foyomen and Ashkin to problems of
thie nature. Consider the integral equation describing our system. In the one velo-
city approximation we can write it in the following foim

a{r) = s(r)+(1+f) §K(r,r°) in(r') dr« (6;
where n/r is the flux, S/r is the source function and K the kernel. Suppose now

that we have an approximate solution Yo =n. This we denote by n(i). Let the res

a3y e

mainder be n(i). Then n:n(i)«o- n(i)o We will now find an approximate expression

for n(i)o Substituting in Eq. (&) we have

a eoo o eoe onre o3

e o 2 o e o © o

e o o o 2 e o

* o oo e oo o o

* e o e o . ®
ef 003 0a¢ PO Ao 00

eodeoo
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E&i(;s!. :.. ;.. ;.E ..:
e E
1) = §-n{i) ¢+ (142) [K n(15 drt + (1 £) j ) are

nli) = 5y + (1+£) IK n(1) gps (1)
whege S; = S»n(i)-r(l*f) gx(:;r') n(3) dr¢, Thus n(}) gatisries the same integral
oquation ag n except for a different source function,

he can write down the formal solutfon te this equation immediately

a1 = 1% F5 (g (0) 5y(r) an) o) (8)
where

B, = (tn) [Kirurr) fyter) are (9)

The proof of Fg. (8) is simple. The symmetric kernel K{(r,r") generates a
_@oupleto orthecnormal set of asigenfunctions ¢n The associated eigenveluos are
1+£,, as shown in Eq. (9). Let us then expand n(i) and S1 in terms of these

, eoigenfunctions ,
nld) = ;i-l Cq % (89)

®
5y = g:-i S1n fu S5ip ® fsl Fo ar '
Substituting in Eq. (7) and using Eq. {9) we find

1+f
Cp = Fr::% Sin

If this is substituted in REq. (8®) we obtain Eq. (8).
The equation for n(i) is an oxact expression. Ve now mada the approxima-

tion f,=f, for all u. Thies means that we put all the neutrons from the source in

the normel mods,

(i) - 1-\»1‘
n " f°~f§:(¢nsl)¢n"f fsl

—opnsa—

n 1) - };{%{S-n(i)+ (1+f) ~B‘K(t‘,,r") a(i) dx:'}

°
The contribution to the multiplicatien corresponding to n(i) we write u{1). 1If we

say that the counter is at infinity we havse
(2)
u(d) - afe { {?‘w‘)'! 20453°,

o ?: e oo 4 :
®ee eee coe ece See oo‘

[
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The spheras of active material used in the experiments each had a small

6. CORRECTIONS

spherical hole at the centor which served to hold the source of neutron.s° The radius
of this inner sphere was 0.396 e¢m. The source of neutrons was approximately spherical
in shape of radius 0.336 em. Our calculations sc far have assumed & point source and
no hole, and it is now mecessary to find the effects of these perturbations., They aro
by ne means negligibile.

The material in the source has approximately the same scattering properties
as the active material, We make a negligible error if we assume the acattering pro-
pertios to be exaetly the same, and furthermore if we assume for simplicity that the
space between the source and the active materia)l is filled with inmetive material but
scattering like the active material.

It is easy to show that if we have a spheriecal source of radius b and
source strength q per unit volums, then the flux, F, at a point distance r froa

the center of the sphere is given by
_a -p? r+b \
F<r)‘2,,.( AT YRS (10)
It is convenient to have F(r) as a sorfes in r. We normalize the total source

strength to L neutrons per sec, # = %;‘b3°q = L4, We have then

r>b F(r)= 1 (1,-3-—( _5_7(“)14*“09 (10%)
v rered oy (6 ) o

It is now necessary to go through our previcus calculations taking into account this
more complicated flux distribution and also the fact that in the region which we
designate O ¢ r € C no fisalons take place corresponding to the hole in the sphere of
active material. The caleculation i= straightforward and we now give the new exprose-

siong for the contributions to the multiplication of tho different collision processes;

hore b/C = d. .o: .E. E o§o g:. §.
APPROVED FORePERLIC RELCEASE
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> 3 2
e b o BUJA cocol f s0sesnee
?55 (1 C>+157 db (1 C)"' ooo/\;*-oo ]

3 . 3 1 {¢3 |
c(1-d) + b(1-d «d?)4 ... o (1.7
+ a[( ) 135 (1 )"5.507 b(1-d7)+ +3‘§'§(} (1=-d7)

4 =2 020(1-d) + e bj(led)a-c..>+o.......}

5.5 .57
3 21 1 1 1 b\)h 11 1 ]
+ abl&~+ handl <« T wen =i - s * oee
L 'é'é(s 1.3.7 3.5.9 )*5(& (7 1.3.9  3.5.11 H
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0{( z )+5(R)( 7 )}+

M, (two real coll.) ’-d.eJl to{1+f) aJo taa(lef) Jz ot 2(1+£)2 Jj,

1 1 of1 1 1 1 11 1
J = bc-—ev—-n—d - o £ © a0 """""’dh - - © oga
1= 3 [& 1.5 (5 1.3.7 3.5.9 ) 3.5 (7 1.3.9 3.5.11 )}

3
3057

=% b(1=d) + === B(1=d3} 4 ..,

A c(1d)+ 3 Po(1-d) + 2 dab(l.»d)h..)
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The mock source of fission neutrons was obtained by the reactions

7. DATA AND RESULTS

Poi-NaBFh;bZ% BoF), . Natural alphas on btoron do not preduce a spectrum of sufficiently
high avorﬁge snorgy; so a small amount of beryllium was added. The rosulting spectrum

3) is given in Fig. L together with the latest fission tpoctru#g

as measured by Richards
The method of calculating the averages to be put in each collisien has been
glven by Kurath and Raritarj)° In the case of 25 and 28 we possess rather extensive
data and here thero is no difficulty in obtaining the proper energy averageaS)o (o the
other hand for L9 only the fission cross section is known as a function of epergy. Wo
have therefora used what we believe to be reasonable values and in the case of the ex-
periment with the 28 counter the gsaleulation has been made for three values of the .in-
elastic cross section: .75, 1.0, and 1.25 barns. The other data used were:
e =1.80 b, ¥-1-&=2.,02, or more significantly, gp(v-l-a) =3.6;, and Ctotal =L4,77 b.
The tables below give.the caleulated values of M the ratio of the count-

ing rates vwhen the sphere is in place and when the sphere is removed. For comparison

we have added the experimentally observed values of M,

3) H. T. Richards, LA-201.
L) H. T. Richards, 1A-200.

5) Do, Kurath and ¥W. Rarita, IA-197. To the date used here must be added a 3% reduc-
tion in o>f for pure 73% 25, indicated by the multiplication experiments with the

flat counters.

... .:. : .:. :.. ...‘
L T
¢ L

A
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TABLE I: Experimonts wi¥h 250732 253°27% 28)

Diameter Counter Moale ¥ons
" 25 1‘383. 1°55 t °02
2.5 28 1.082 1.13 £ .02
o 25 1.262 1.28 + .06
° 28 1.032 1.07 + .05

A

TABLE JI: Experiments with normal uranium

Diameter Counter ¥galc Mobs
2.50 25 1.0LL 1.031 % .011
o 28 0.707 0,760 ¢ .012

TABLE III: Faxperimente with L9

Diameter Counter Neale Mobs
25 1.199 1l.202 +°.013
9" 281 1.187
) 282 1.176 1.175 + 015
283 1.165

As an example of the contribution of the various terms to M 1let us con=
sider the 2,5" aphere of 25 uaed in coenjunction with the 25 gsounter. The zero col=
lisions give 1. The first coilision gives 0.2035 the second 0.0915 the remainder
0.0388. Total 1.4238. Correcting for the fact that the 25 foil is 63% 25 and 37%
28 we find that the result of the experiment should be 1.383. The slight difference
between the experimental values here listed and those in Ref. 3 arises from the fact
that the latter have besen corrected to correspond to a pure 25 detesctor.

Richardsé) has measured the spectrum of neutrons emerging from the 2.5"

sphere of 25, Fig. S shows the ealculated spectrum together with Riahardn3) results.

6) Private communication.
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On the whole the agresment betweon theory and experiment is satisfactory
except for the multiplication of the 25 spheres as measured by a 28 counter. Sueh a
discrepancy haz also been reported by Kurath and Rarita7) when they caleulated the
result of similar experiments performed by Snyder, w.ilson, and hoodward®) In our
case & redustion of ~35% in the inelastic scattering is required to bring the
theoretical resulta in agreement with experiment. It is not possible to learn any-
thing from the c;omparison of the measurements of the spectrum that c@es out of the

2k sphere with the theory on this point beocause the difference in the spectrum (Fig. 9)

sought is far inside the probable error.

7) Loc. Cit.

8) IAA°1&9-
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