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ABSTRACT

A calculation has been made of’the result of the following experiment: a

source of neutrons is surrounded by a sphere of active material and a fission countor

is placed nearby. The count i6 comparad when the sphoro is in place and when the

sphere is removed; the ratio (M) of the two counting rates is a measure of the ru=

aotive properties of the sphere. Tho result6 of our calculations are compared with

‘theresults of the experiments of Group R-3:

M the cam of the Z,5° 25 sphere the ou’tcomingapootrum has also been calculated.

The agreement with the sprdxum as measured by Richards 28 aatit3factory.
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MULTI13JCAT101]OF IUIWTROIWIN SMALL SPXFJUX3OF ACTIVE MATF,RIAL

1. INTRODIJCTION——

Recently a number of exper3ment6 have been performed which measure the

multiplication of neutrons by small spheres of active ma~erfal. (Compare also

LAMS-227, 230~ Thee? experiments are essentially differential and serve to check

our data on the neutron processes in acstivematerial.

Vie shall calculate theoretical quantities to be compared with the retnlt

~) and co-workers of Groupof the experiment performed by R. L. Walker, J. H. Manley

R-3. The experimen% ia performed by surrounding a souroe of mock fission neutrons

with a sphere of active material. A suitable diotance away a fission counter records

the counts when

Of the counting

fisuiona taking

and will denote

the sphere is in place and when the sphere is taken away. The rat$.o

rates is a weighted measure of’the production of neutrons due to

2)
place in the sphere. We will call this ratio the multiplication

it by M.

The experiment han been made using spheres of 7?% 25 +27’%28. nomal

uranium and plutanium. FWthermore with each sphere the measurement has been made

using both a 25 fail of 63%25+3’7%28 and a 28 foil an detector= The 25 foil re-
.

spends to neutrons

at around 1.1 Mev.

elastic collisions

of all energies; the 28 foil on the

The 28 counter, therefore, will be

taking placo in the sphere.

other hand has a threshold

much more sentdtive to in-

1) IAMS-207, p. 16; IAL?S0222, p. 9; IA-191.

2) Striotly speaking the twm multiplication applies only to the ratio of the count-
ing rates when the counter has a flat responEe. b this case the multiplication
represents exactlsrthe number of neutrons producedper neutron from t he souroe
antinot merely a ;ather complicated weighted measure of this quantity.
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2. IXPANSION n NfU’l&BIX?OF COLLiSf~!S”

Tho spheres of actfvo material u~ed in the

UNCLASSIFIED

experiment had radii, ae which

wore less than a man free path. This means that most of the neutrom that make col-

lisions will make only one collision in the sphere. A few will make two and a very

few three. This euggost8 a fitudyof the prOblem in the form of an expansion in the

number of collisions that the neutrons make. The natural parameter of such an oxpan-

aion will be ad, where & iS the reciprocal of the mean free path. For our spharoa

than asam<l. In the calculations we shall tako the unit of length to be the

radius of

twofold:

the sphere.

The effects of surrounding the source by the sphere

first, the flux of’neutrons that came directly from

of activo material are

the source in the no.
●

sphero experiment has been attenuated by the collisions perfo~med in the ~phere;

second, tho collisions occurring in the Hphere multiply the number of neutrons end

prcment to the counter a distributed source An which the intensity is a fhnotion of

the distance of the point of the sphere from its center. The flux of neutrons that

‘*2. Let u8 under-comes directly from the center is attenuated by the factor e

etand this from the point of view of an “expansion in collisions. we need only

study e-Q 6.ince1-2 is a purely geometric attenuation. Consider then a skb of.

aotivo matarial of thickness equal to b. Suppose one neutron enters the slab n

normally how many neutrons emerge which have”not suffered any collisions at all?

b

Fig. 1

T.ranamisrsionthrough a Slab

Let 6 be the probability of a uo21ia50n per cm. If tvenow

collisi~ns, we say that the number of neutrons lost in dx is

consider only single

ddx and therefore
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throughout the slab the loss iso~~%~OT~e ~~n~~~ ~noutronB that merge is therefore

I-oh. If we now include the consideration of double collisions wo would my that we

havo subtracted out too many neutrons because we have just mm that due to eingle

ml12sion6 LTxfewmr get to x. Thwofore at x, there will be dxoddx fewer nou:rons

taken out of tho beam. And across the whole slab a2b2/’2. This argument in term of

collisions is continued and we seb that we obtain the development of e-ab. This

argument in tsrms of collisions is continued and we see that we obtain tho dm-olop-

-abment of e . The term in (@)n represents the effeut of n collisions oontributlng

poaitlvely ornegatively to the outcomfng beam.

Sn

of reasoning

tion will be

tho caso of the sphere of aoti,vematerial wo will use oxaotlythia type

with tho addition that neutrons can be oreated by fission. ‘We calOula-

m.adein the following way. We will first assume that all the neutrons

have the acme energy, end that the foil is activated by neutrons of th%~ energy. We

t Y;illthen calculate the multiplication on this basis. From this we will get the

correot mul’tipliuationby introducing the proper average~ in each collision.

3. SINGLE COIJZ310NS

Let the source emit ~~neutrons per sec. and let the oounter be at a di~.

tanoe R from the source. Then the flux at the counter when the sphere is abmmt is

R-2 fxm”~. In cahxzhtir.ig the multiplieat$on we alway~ require the number of oountia

with the sphere relative to a single cmunt without the sphcroc This conversion may

be obteinad by multiplying the flux at the counter with the sphere in place by R2.

In the spherical case we also uso the method of collisions whioh was tllua-

trated above in the case of’the s~ab. In this method, the multiplication is given by

the mm

l+ M1{single collisions)+M2{doublo collisions)t ...

APPROVED FOR PUBLIC RELEASE
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he will now oalculate ;~, the contribution due to single collisions. Lot

(r,~) represent any point in the sphere, and lot ~ betho distance of (r,p) to the

aounter.

coun%er

Fig. 2

Geometry for Single collisions

From the figure we have p2=R2+s’2-2rR# The’flux of neutrons from the

source at any point r in l/r2. The element of spherical volume is 2~r2drd~. There-

fore the numb8r of collisions per sec taking place in drd~is Q’2~r~. Let l~f

nwtrone come off after each collision. The contribution of the~e neutron5 in

The net contribution due to single collisions is this plus the term, -a. resulting

from single-colai.alonattenuation of the direct beam from the 8ource to the counter

M1=%(3+f)(l+l/9R~*l/*& +....)-@ .(1)

If R-+oo we obtain just &f. This is the number of neutrons produced by 8

traversing the radius of the sphere. If inEq. (1) we let f=Owe have

Mls tx(l/9R2+ 1/251# + ....).whichmcm%nathat even if only scattering occurs,

zmutron

there is

still multiplication. This clearly aomes about from the fact that the sphere of

material effectively brings the source closer to the counter, In our experiments

R*2 and the geometria multiplication is ~%.

4. DOUBLE COLLISIONS

Mhen only single COlliSiOrIS are considered, we say that a ray of neutron

.

I ●

●tart8 from the source, mah
●

●* ●:0 :0

in the sphere, and then goos

I
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pietaro. Some neutron8 will be scattered out of the ray before they can produce thi6

Oollialono %e say that these neutrmm undergo a double collision prooe88. suppo80

that

This

will

the ealli8ion has taken place and a ray of neutron6 is on ita way to the oounter.

ray mud pasa through some matter in the sphere and a certain number of neutrons

be scattered out of this bmm. ‘i’hiain a second double oolliaion process- A

third double collision process takotsplace when the neutrons perform a maond coT-

lision after their first collision and then go to the counter. Finally there will bs

the contribution of the direct beam fronithe source in double collisions.

The contribution to the multiplication of the direct beam is Q2/2. The

contribution of the two fission collisions onn be calculated in the following WY.

The first kollieion produoes a flux of neutrons at (r’.@ of 211G(l+f)dr*dfi Let the.

second oolli~ion take place at r. -1Then the flux of neutrons at r where #rY=c$on ,~

Performing these integrations we find

M2(two real CO1l.)= ~2(l+f)2 (;($ ,,+.&g+;)+ ....) (2,

The contributiondue to attenuation and then fission is obtainod a~ follows. The

number of neutrons taken out of the beam ia (l\r2)0ar=c#r. Therefore the 10S~ in

multiplication becau6e these neutrons did not produce fission, i~ .

,

.
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Finally ’#ecome to the loss in multiplication due to the neutrons lost on the way to

the counter after fimion took place. If the distanse traversed in the activo

material starting at (r,p) ia 28 then the 10823in multiplication is

Let us find what thitjdistance Z(r,~) is, From

We tiillnow change variable of intogratton i’rcxn

8

Fig. ~

The Attenuation Distance Z
~/R =~-= ~-~X+~ #(l-@’)

and

p’ zp*@-Q X.2a (I-’??))4X2

neglecting higher power8 of x than the second. To solve for & in terms of ~q let

P = P W+X2P2”
If VJesubstitute this in the previous equatiun and then set the

mparate coefficients of different power6 of x equal to zero we findpl =1-~t2,

P2 = - p’ (1.#@/2

p= p’ +{1-p’q X-* #&’(1.@) %2

.
0

.
● 00 . ● OO .0. . .

.08 ●
● :0 ● ● *:

9**. :0
● ** ::: ● *

● 0 ● ** . . . . . . :00..

● m ● *9 ● ob ● b
● *O :.O ● b ● ●°0
● D* ●
9me**

● *9 ●

● 0:
●

9*. ::C
● 9 ● 00 ● . ● ..

APPROVED FOR PUBLIC RELEASE

APPROVED FOR PUBLIC RELEASE



● 0 ● 00 ● 9

● me ●°0 : :=: .
● em*ma
● mm

:4’:.== ‘*”~.=~“~“::

.

CM carrying out tho integrationswa find

Wo have therefore the following re8ult

5~ REMINDER

With the calculation of the contribution to the multiplication due to

neutrons that have made two collisions, we bring to a C1OSC the calculation in terms

of collisions, and we will now obtain the remainder of the multiplication by an ap-

proximate method,

We will adopt a method first applied by lbynman and Ashkin to problems of

thi6 nature. Con6ider the integral equation describing our system. In the one vdo-

city approximation we can tiite it in the following form

1
n(r) = S(r) +(l+f) K(r,rfi)n(rt) drt (61

I

where n/r is the flux, S/r is the source funution and K the kernel. Suppose now

(i). Let the re~that we have an approximate solution to a. This we denote by n..

71. Then 11311 (il+~(i)o }Vewill nowmainder be n find an approximate expression

for n(i). Substituting in Rq, (6) we have

.

.
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c9qumtianas n oxoept for a different

he can write dovm the formal

J
*fQ Thus n(i) satisftea the mme integral

soimm funutiono

solution to this equation immediately

(8)

The prooi’of llq.(8) in simple. The eymmetriu kernel K(r,r9) generatea a
,ecxapletoorthonormal set of o$genfunctions ~. _The asoosiated eigenvduoa tare
l+fn$ as shown in F-q.(9)- Let us then expand n~ and S~ h terms of these
edgonfunctiona #

(8$)m=glcnk

Substituting in Eq. (~) and using Fq. (9) we find

Ifthi~ is substituted inllq. (8’) we obtain Eq. (8).

#

The equation for n (5) i.an exact expression. Wenowmnd atheapprodnw=

tion fn= f. for all n. This means that we put all the neutrons from the source in

the normal node.

IJ3=M s-n
f

(i)+ (l+f) K(r9r’) n(i) ~’
fo.f }

The contribution to the multiplication corresponding to A we write ld~i)o Ii’we

my that tho oounter is

,

*
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6. CORRECTIONS

● *Om**:ma: :a*a
-11-*

The spheres of active material used in the experiments eaeh had

spher~eal hole at the center which nerved to hold the source of neutrons.

a ymm

Tho radius

of this inner sphere was 0.~$16cm. The source of neutrons was approximately spherical

in shape of radiua 0.336 em. Our calculations so far have assumed a point source and

no hole~ and it is now neceseary to find

by no means negligible.

The

as the active

pertios to be

apace between

material in the source has

the etfeots of these perturbations. They aro

approximately the sam.ascattering properties

scattering like

It ia

source strength

material. Re make a negligible error if we assume the scattering pro-

exaetly tho mne, and furthermme af we assume for simplicity that the

the nource and the autive material is filled with inaet$ve material but

the active material.

easy to show that if

q per unit volume,

the center of the sphere is given by

we have a epherioal source of

then the flux, F, at a point

radius b and

dintance r from

(3.0)

total.8ourco

(M)’)

(10”)

into acoount thi6

more complicated flux distribution and also the fact that in the region which we

designate O <r <C no fiasion8 take pla~o uorrespondi.ngto the hole in the sphere of

active material. The calculation is straightforwardand we now give the new expres- .

sions for the contrlbuttona to the multiplication of tho different collision proce8aes~
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. M2(two real coil.)=ti2J1+ct(l+f’)d2+cx0w(l+f) J3+OL2(l%f)2 Jb
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~. DATA AND RESULTS

The mock source of fission neutrons was”obtainod by the roaotions

Po+NaBF4i-2% BeF4. Natural alphas on boron do not produce a spectrum of sufficiently

high average energy; so a small amount of buryllium was added. The ro6ulting speotrum

3) b)
as measured by Richards is given in Fig. h together with the latest fission opecitrum.

given by

&t@ and

The method of ealoulating the averages to be put in each collision has been

~urat~ ~~ ~ar~~a5)~ In the case of 25 and 28 we possess rather extensive

here there is no difficulty &n obtaining the prepor energy averages5)0 @n the

othor hand for 49 only the fission cross section i8 known aa a function of energy. Wo

kve therefore used what we believe to be reasonable values and in.the case of tho ex-

periment tith the 26 counter the aa~eu~ation has been made for three values of the.in.

elastic cross section: .75, 1.0, and 1.25 barns. The other data used were:
*

r

.

6f=l.80 b, M-1-&=2.02, or more significantly, uf(y-l=d)

The tables below give the oaleulated values of

ing rates when the sphere is in plaoe and

we have added the experimentally observed

3) H. T. Richards, LA-201.

4) H. T. Richards, LA.=200.

when the sphere.

vduea of M.

=3.64, and 6.to~3=4.77 b.

M the ratio of the count-

in removed. For comparison

5] D. Kurath andw. Rarita, LA-197. To the data ueed here must be added a ~~ reduo-
tion in ~~f for pure ~j?$~259 indicated by the multiplication experiments with the
flat oounters.
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Diameter Cmnter ‘talc MOb~

2.5” 25 1.383. 1035 t .02
20 1.082 I.lj * 002

2.0” 25 1.262 1.28 ~.06
28 1.032 l.o~ ~.05

\

TABLE 11: Experiments with normal uranium

TABLE111: F@erimentu wfth b9

aider the

,

As an example of the contribution ef the variou@ terms to

2.5” aphero of 25 used in conjunction with the 25 munter.

M kt US

The zero

d

oon-

col-

lisions give 1. The first collision gives 0.2935 the second 0.0915 the rmd.nder

0.0388. Total 1.h238. Correcting for the fact that the 25 foil iu 6% 25 ~d 37%

28 we find that the result of the experiment should be 1.383. The sli~ht difference

between the experimental values here listed and thoee in Ref. 3 arises from the fact

that the latter have been corrected to correspond to a pure 25 detewtor. -

Ri.hard>) has measured the epoctrum of neutron~ anerging from the

sphere of 25. Fig. 5 shows the

6) private communication.

calculated spectrum together Riaharde3)
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On the wholo the agreement between theory and experiment Is aatiBfacto~y

oxcspt for the multiplication of the Z5 spheres as meamred by a 28 counter. Such a

discrepancy has also been reported by Kurath and Rarita,~)when they calculated the

result of similar experimentsperformed by Snyder, hilson, and Woodward8)* In our

ease a reduotion of.-w3~jJin the inelastic scattering iD required to bring the

theoretical results in ngremnent with e~erimento It is not posoible to Iemrn any-

thing from the comparison @ the meaaur~ents Of the Bpectrum that comes out of the

~ sphere with the theory on this point because the clifference in the spectrum (Fig. 5)

sought is far inside the prob~ble error.

7) Lot. Cit.

8) LA-1eg. ‘
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